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Abstract. We extend an existing impossibility theorem to the environment where there are infinitely many
agents. When the number of agents is infinite, it is impossible to identify a dictator whose preference dictates
the outcome and it is proved that there is an “invisible” dictator (Fishburn (1970) and Kirman and Sondermann
(1972)). We extend the result of invisible dictators in a domain of weak preference profiles and formulate a
serial dictatorship by using a hierarchy of ultrafilters. An immediate consequence of this characterization is the
existence of an individual dictator in the case of a finite number of agents and it gives a concise proof of an
existing impossibility theorem with serial dictatorship. At the same time, the same characterization shows that
effectively serial dictatorship persists also in the infinite case.
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1 Introduction

In this paper, we establish a serial dictatorship with infinitely many voters and more than three alternatives.
When the number of agents is infinite, it is impossible to identify a dictator whose preference dictates the
outcome and it is proved that there is an “invisible” dictator (Fishburn (1970) and Kirman and Sondermann
(1972)). We extend the result of invisible dictators in a domain of weak preference profiles and formulate a
serial dictatorship by using a hierarchy of ultrafilters. An immediate consequence of this characterization is the
existence of an individual dictator in the case of a finite number of agents and it gives a concise proof of an
existing impossibility theorem with serial dictatorship. At the same time, the same characterization shows that
effectively serial dictatorship persists also in the infinite case.

Within the framework of social choice, recently Man and Takayama (2013) have proposed the independence

and stability axioms together with unanimity and showed that many well-known impossibility theorems follow
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their main theorem as corollaries when the number of voters is finite. We extend the analysis by allowing the
number of voters to be infinite, and on the other hand we extend the analysis in Kirman and Sondermann (1972)
by allowing voters to have weak preferences. Our main theorem shows that a social choice correspondence
satisfying the three axioms is characterized by a serial dictatorship.

This paper adds to the literature by showing a structure of serial dictatorship when the number of voters can
be infinite. Our analysis is not confined to the number of voters being infinite. Our theorem also includes the
case of finitely many voters. In this sense, we extend the previous research of dictatorship to a more general
environment. It combines two strands of Kirman and Sondermann (1972) and Man and Takayama (2013) in
social choice theory. The organization of the paper is as follows. Section 2 presents the model. Section 3

presents the main theorem. Section 4 proves the existence of invisible serial dictators.

2 The Model

Let X be the set of potential alternatives. We assume that | X’| > 3 and it is finite. Let A/ be the set of potential
agents. We assume that A\ is infinite. Let R be the entire space of weak preferences over X'. Let 7;€ R be
agent i’s preference, and, for each N C N, let —€ R be a preference profile of all the agents in N. For each
x,y € X, we say that x =; y if z is strictly preferred to y, i.e., x 77; y butnot y ~; x, and say that x ~; y if x
is indifferent to y, i.e., x 77; y and y 72; .

An economy is a list of { X, N, -} € 2% x 2V x RN Given population N, A solution ¢ is a correspon-

dence from economies to alternatives such that

on  2V\{o} x RN = X,
s.t. ¢N(X?r>\:) C X,
on(X,Z) # 2.

We omit the subscript of a solution ¢ throughout the paper when we take the entire population N for ¢. Next

we define three properties which we want solutions to satisfy.

Definition 2.1. Strong Unanimity (St. Unanimity, hereafter)
For each X € 2X\{®}, e RN and x € X, if, foreachi € N andy € X, = 7; y, and there exists j € N
s.t.x =5y, then on(X, 7)) = {z}.

We say that >~ and >='€ RY agree on X if - and =’ are the same on X. Then we say that =~ =x >’

Definition 2.2. Independence of Irrelevant Alternatives (IA-Independence)
For each X € 2¥\{@} and each 7,77/ € RN, if o =x =/, then én(X, 7)) = dn(X, ).

~) o~

Definition 2.3. Stability with Losing Alternatives (LA-Stability)
Foreach X,Y € 2¥\{@} and each =€ RY, if X C Y and (Y, 2)NX # @, then p(X, ) = ¢(Y, )N X.



3 Dictatorial ultrafilter

In this section, we show that dictatorship holds when solutions satisfy the three properties. However such
dictatorship is not necessarily governed by a single dictator, but sometimes by a “invisible” dictator (Kirman
and Sondermann (1972)). First we show that each solution ¢, can be represented as if they are chosen by a
social preference over X. For each R € R, let Top(X,R) = {x € X |foreachy € X, x R y}.

Lemma 3.1. Ifa solution ¢ satisfies St. Unaminity, IA-Independence and LA-Stability, then, for each =€ RY,
there exists R € R such that, for each X C X with | X| > 2, on(X,7Z) = Top(X, R).

Proof. Let :-€ R™. We define a binary relationship R on X so that z Ry if x € ¢ ({z,y}, 7). Then, since
on({z,y},77) # @, Ris complete.

Next we show transitivity. Suppose that x, y, z € X satisfy that x Ry and y R z. Then z € o ({z,y}, )
andy € on({y, 2}, 2). fz ¢ dn({z, 2}, 22), then z ¢ dn({z,y, 2}, Z) by LA-Stability. It means that y ¢
on({z,y, 2}, 72). Otherwise ¢y ({z,y}, ) = {y} by LA-Stability. This leads to that ¢y ({z, vy, 2}, 77) = {z}.
But, by LA-Stability, this implies that y ¢ ¢n({y, z}, 7). It is a contradiction. Therefore = € ¢n({z, 2}, ),
i.e., x R z. Now R is a complete transitive relationship, that is, a weak preference.

Finally we show that ¢ is the top set of R. Let X C X with |X| > 2. First, suppose that there
exists x € ¢n(X,2Z) but = ¢ Top(X,R). Then there exists y € X such that y € on({z,y},77) but
x ¢ ¢n({z,y}, ). However, since {z,y} C X, = € ¢n({x,z},7Z) by LA-Stability. It is a contradic-
tion. Thus ¢n(X,77) C Top(X, R). Next suppose that x € Top(X, R). Then, foreachy € X,z Ry. It
means that foreachy € X, x € ¢n({z,y}, ). By LA-stability, it implies that x € ¢ (X, ). As a result,
Top(X,R) C ¢n(X, ). O

Here, we define an ultrafilter . on population N.

Definition 3.2. A family of sets .7 is an ultrafilter of N C N if
(1) o ¢ F.
(2) IfSe€ .F,and S' O S, then S' € .Z.
(3) IfS,S" € 7, thenSNS € 7.
(4) If S € N, then either S € F or N\S € Z.

For each -~ RY, we denote the weak preference established in Lemma 3.1 as RV (). We say that
x PN(x) y if z is strictly preferred to y under RY(27), and say that z IV () y if = is indifferent to y.
Now R (-) is a mapping from R" to R, so we can consider R (-) as a social welfare function. Therefore we
can apply Arrow’s impossibility theorem, especially the one extended to infinitely many agents by Kirman and
Sondermann (1972).

Foreach U C N and each z,y € X, we denote x —yy y if, foreach i € U, x 77; y.



Theorem 3.3. If a solution ¢ satisfies St.Unanimity, IA-Independence, and LA-Stability, then there exists an
ultrafilter U on N s.t., for each =€ RY, if there exists U € U such that, for each x,y € X, = =y vy, then
x PN(2) y.

This idea originally comes from Kirman and Sondermann (1972). However they assumed that preferences
are strict, so we have to extend their result so that we can incorporate weak preferences. We show this theorem
through the lemmas below. Before going to the proofs, we define some families of sets of agents. In the
following arguments, we assume that ¢ satisfies St.Unanimity, [A-Independence, and LA-Stability. And, for
each U C N,let U’ = N\U, and, for each UcU,letU" = U’\U.

The first family is;

U={UCN |Ve,ye X,V =eRN, z>py ANy xz=2zPV()yl,

We can interpret each member of U as a “coalition of dictators”. Let the other two families of sets be:

U={UCN|Jz,yc Xwithe £y,VZeRY, 2=y y A yop o= 2 PV(2)yl,
U'"={U C N |3z,y € X withzx # y,
VUCU, 37eRN, 2>y A yo~gx N y=ur T /\:UPN(,ﬁ)y}.

All we have to show is that ¢/ is an ultrafilter on N. For this purpose, we show that /{ = U” and U” is an
ultrafilter.
We show that these three families are the same. First note that i/ C U’ C U” by definition. We show the

inverse inclusion by the following two lemmas.

Lemma 3.4. U" Cc U'.

Proof. Let U € U" and U’ = N\U. Let € R". Suppose that x =y y and y gz x. Now let
U={icU |z ~;y} andlet U" = U\U. Then, since U € U", there exists z,y € X and >5*€ RY such
that x >3, y, y ~p @, y =y @, and x PN (=*)y. Tt is clear that =* ={zy} - Thus, by IA-independence,
on({ey}.2) = én({r.y}, =) Since 2 PN (=) . ({24}, 5) = o ([}, %) = {}. It means that
z PN(Z)y. ThusU eU’. O

Lemma 3.5. U/’ C U.
Proof. LetU € U, and let U' = N\U. Then there exists 2,y € X with x # y such that

VZeRN, z-py Ay Zoe=xPN(Z)y.

Let z € X\{z,y} and 7-€ R". Suppose that z = y and y >~y 2. Now we want to show that z PV () v.
Let '€ RY such that 2 =}, = =}, v, y Zur Z =y, and, for each i € U’, ZZ;=¢, .3Zi. Then, by St.

~

Unanimity, ¢y ({z,z},7’) = {z}. It means that = PV (>7/) x. Now z =}, y and y =/, =. Since U € U', we



have 2 PV (/) y. Since PN (') € R, we have z PV (:7) y by transitivity. Since =y, .3=', we have that
on ({21 2) = o ({, 2}, ). Therefore = PV(2) y.

Let w € X\{z,y,2}. Now, for y, z, it holds that, for each € RY, if 2 =y y and y =y z, then
z PN (%) y. Thus, by applying the same argument as above, we have that, for each ¢ R", if z =y w and
w Xy z, then z PN () w. Tt implies that U € Y. O

Corollary 3.6. U =U' =U"
Finally we show that I/ is an ultrafilter.

Proposition 3.7. U is an ultrafilter.

Proof. By Corollary 3.6, we have show that 4" is an ultrafilter. First, we show that & ¢ U”. If not so, by
takeing U = @ and U # N, there exist z,y € X and =€ R" such that y ~g LY =g T and PN(x) .
It contradicts St. Unanimity.

Next we show that 24" is closed under finite intersection. Let Wi, Wo € U”. We separate N into four

disjoint subsets:

Vi=WinWs,
Vo = Wi\,
V3 = Wo\ V1,

Vi = N\(Wl U WQ).
Let {a,b,c} C X and V; C N\V;. Then we can find >5*€ R" such that

cy, a =y, b,oa>y, by, c

* * * *
b f>\_JV3 C >_V3 a, b r>\_/V4 a ,>\:V4 C,
*

b Na c, and b = N\(VUT

)C.

Note that a -, b, and b 3y, a. By Corollary 3.6, we have W € U" = U. Therefore a PN (>=*) b.
By the same way, Wy € U, ¢ >y, a, and a ,é}‘V\WQ c. Tt implies that ¢ PV (-*) a. By transitivity, we have
¢ PN(Z*) b. Now we also have that ¢ =, b, b ~p, ¢ and b >_jV\(Vu\71) c. Thus, by the definition of 4",
Vi=WinWy,eu”.

Next we show that, foreach VC N, V e U”" or N\V e U". If V € U”, then it is immediately satisfied.
So we suppose that V ¢ U”. Then, for each {a,b,c} C X, there exists V C N\V such that, for each =€ RV,
if b=y a, b~y a,anda =y, ,p) b then a RN (=) b. Now let V C V. Then we can find = € RY such
that

b >—V c &V a, b >_V\\7 c >_V\V a,

a ’:/‘7 b ;“7 C, and a ;N\(VUV) b ;N\(VUV) C.



It is clear that, by St. Unanimity, b PN (=) c. Note that b <y a, a <~y b,and a > w\(vuyy b- By the hypothesis,
we have that a RN () b. Thus a PN () ¢. At the same time, we have that a =n\v b, ¢~ a,and ¢ ;V\V a.
Since V can be an arbitrary subset of V, by the definition of 2"/, we have that N\V e 1"

Finally we show that, for each U € U”, if W D U, then W € U”. Suppose not. Then there exist
W,U C N with W D U such that U € U” but W ¢ U". Then, by the above argument, N\W € U". Since "
is closed under intersection, we have that U N (N\W) € U”. However U N (N\W) = &. It is a contradiction.
(]

Given a population N, we denote the decisive ultrafilter above as U/ .

4 Characterization with serially dictatorial coalitions

Based on the dictatorial ultrafilter, in this section, we show that ¢ is chosen as if groups of agents serially choose
their desirable alternatives. First we slightly extend our definition T'op(X, 7):

Definition 4.1. For eachU C N, X C X, and 7€ RV, let
TOp(U)(Xa?\:) = {CL‘ €X | Vi € U7 Vy € X7 x f>\:7, y}

Lemma 4.2. Let N C N. Suppose that ¢ satisfies St.Unanimity, IA-Independence, and LA-Stability. Then,
for each € R, there exists U* € UN such that (i) for each i,i' € U* and j € N\U?, it holds that =;="";
and 7;#7j, and (ii) for each X C X with X # @, it holds that ¢ (X, ) C Top+)(X, Z).

~,

Proof. Let N C N and —€ R. Since |X| < oo, we can separate N into finite numbers of equivalent
classes with respect to the agents’ preferences over X'. Let {Uy }re(i.... i} be such a partition, i.e., for each
k,le{l,--- K}, i,7 € Uy, and j € Uj, we have that ;= and 7Z;7#2 ;. Now UV is ultrafilter. Thus there
exists a unique k* € {1,--- , K} such that Uy € UV, !

Next we show that, for each X C X, ¢n(X,Z) C Topy,.)(X,Z). When |X| = 1, it is clear. So
we assume that | X'| > 2. Suppose that there exists X C A such that pn (X, Z) & Topy,.)(X,Z). Then,
there exists * € ¢n (X, ) such that z ¢ Top,.)(X, ). Then there exists y € Top(y,.)(X, ) such that
Y =u,. . ltmeans that Uy C {i € N |y =; x}. Now Ug+ € UN. Thus, {i € N |y =; z} € UV. This
implies that y PV () x. However z € ¢n (X, 27), and so, by LA-Stability, we have that = € ¢n({z,y}, ).
This implies that  R(27)y. It is a contradiction. Thus ¢ (X, ) C Top(y,.\ (X, Z). O
Now the following two lemmas show that when a solution satisfies St.Unanimity, IA-Independence, and

LA-Stability, there exists a serially dictatorial groups of agents with some tie-breaking rule.

'For detailed arguments on mathematical properties of ultrafilters, see Aliprantis and Border (2006) etc.



Let {Ug }req1,-- k7 be a finite partition on NV. We define {7} (X, ZZ) }reqo,..., i} recursively;

Ty (X, 2) = X,
Tl*(Xv r>\:) = TOp(U1)(Xw>\:))
forVke {27 e 7K}7 TI:(X> r>\_1) = TOp(Uk)(TI:—l(Xa r>\_1)7 r>\_/)

Lemma 4.3. For each X C X with X # @ and € RN there exists a finite partition P = Uk keqr, K}
on N such that $(X, ) C T (X, 7).

Proof. Let X C X with X # & and - € RN . Let 2 be a finite partition on A/ generated by the equivalent
classes regarding agents’ preferences over X'. Let || = K. As shown in the proof of Lemma 4.2, there exists
a unique U € 2 such that U € UV and ¢(X, ) C Topy(X, ). Name this set Uy and this ultrafilter
U;. Now we define a new solution for smaller population N'\U;. For each Y C X and i e RV\U1 | Jet
w}\/\Ul(Y, i) = ¢(Y,%), where, for each i € N\Uy, ,%Z = ,%Z-, and, for each j € Uy, his preference is
indifferent for all the alternatives, i.e., for each z,y € X', x<;y. We show that wjl\/\Ul satisfies St.Unanimity,
IA-Independence, and LA-Stability.

First, we show St.Unanimity. Let x € X and ,% e RN\U1, Suppose that, for eachi € N\Uj and y € X,
w%iy, and there exists j € N\Uj such that z>=;y. Then, by the construction of %, we also have that, for
eachi € Nandy € X, z7,y, and x> jy. Therefore, by St.Unanimity of ¢, we have that w/l\f\Ul (X,7) =
o(X, =) = {x}. Second, we show that IA-Independence holds. Let Y C X, and =, ,%/ e RNM\U1 be such
that ,% =y r%/. Then, by construction, we also have that % =y %,. By IA-Independence of ¢, we have
that (Y, =) = ¢(Y,5). It implies that Ui, (V2 2) = ¥hap, (Y ='). Finally, we show that LA-Stability
holds. Let Y C X and % e RN\U1, By LA-Stability of ¢, if the intersection is non-empty, we have that
o(Y, ,%) = ¢(X, ,%) N'Y. This implies that, if the intersection is non-empty, we have that w/l\f\Ul (Y, 7)) =
Ui, (X, 2)NY.

Now 1/)}\/\[]1 satisfies St. Unanimity, IA-Independence, and LA-Stability. Let ,% e RN\UI be such that,
for each i € N\U}, =, =7; Then, by Lemma 4.2, there exists U* C A'\U; such that w}\/\Ul (Topwy (X, Z
),%) C Top+)(Topw, (X, 2), ). As shown in the proof of 4.2, we have that U* € UN'\U1 and it is unique.
‘We name this set Us and this ultrafilter i4s.

Now we know that ¢ (X, ) C Top(y,)(X, 7). By LA-Stability, we have that

¢(T0p(U1)(X> r>\:)7 r>\_/) = d)(Xa r>\:) N TOp(U1)(X7 r>\:)

On the other hand, we also have that ¢J1\f\U1 (Top,)(X, Z) =) = ¢(Top, (X, 2), =). Note that, for each

)~

~

i € Upand 2,y € Top,)(X,2Z), = ~i y. Thus, by construction of = = =Topa,)(X,2) ~. By IA-



)~

Independence of ¢, ¢(Top(r,) (X, ) =) = ¢(Top(ur)(X, %), 2Z). Therefore

P(X, Z) = o(Top(u,)(
= ¢(Topw,)(
= YA, (Topw,) (X, ), 2)
C Top,) (Top,)(
= Top(UQ)(Top(Ul)(

X, 2),
X’ r>\:)?

X,z
X7z>7

We can repeat this process until we number all the elements in &2. [

We say that the partition {Uy }req1,... i} above is the ordered preference partition on N w.r.t. 2Z€ RV, and
{Uk}ke{l,m i} 1s the ordered preference hierarchy of ultrafilters w.r.t. = RN,

Next we show the existence of a tie-breaking rule;

Lemma 4.4. There exists p € R, such that for each X C X with X # @ and =€ RV, o(X,z) =
Top(T (X, ), p)-

Proof. Let p be a relationship on X such that, for each z,y € X, x p y iff there exist € RV such that
{z,y} C Tj(X,7z) and z € ¢(X, 7). First we show that p is a weak preference.

Let z,y € X. Then we can find = € RV be such that, for each i € A and z € X\{z,y}, =<y and
x5z Then T (X, =) = {x,y}. Since ¢(X, =) C TE(X, ) and ¢(X, %) # @, we have = € (X, ) or
y € ¢(X, 7). Thatis, z p y or y p x. This means that p is complete.

Next we show transitivity. Let x,y,z € X be such that x p y and y p z. Then there exists € RN
such that {z,y} C Ti(X,7) and z € ¢(X,). By the same way, there also exists ©='€ R* such that
{y, 2z} C Tr(X,7/)and y € ¢(X,Z'). Then, by LA-Stability, x € ¢({z,y},7) and y € ¢({y,z}, ).
Now let ;=*¢ RV be such that, for each i € N and w € X\{z,y,2}, © ~* y ~F zand z =F w. Then
Ti(X,Z*) = {z,y,z}. Therefore all we have to show is that x € ¢(X,2*). Suppose not. Note that
2=y & Thusy € o({y, 2}, Z') = o({y, 2}, 27). By LA-Stability, y € ¢({z,y, 2}, Z"). By-LA-
Stability again, we have that ¢({z,y}, Z*) = ¢({z,y, 2}, Z") N {z,y} = {y}. However, since " =¢, 1 =,
we have that ¢({z, vy}, 7)) = ¢({z,y}, Z*). Therefore z € ¢({z,y}, ) = ¢({x, y}, Z*). It is a contradiction.
Thus p is a weak preference over X.

Finally we show that, for each X C X with X # @ and =€ RV, ¢(X,%) = Top(T}-(X, ), p). First
suppose that there exist X C X with X # @ and =€ RV such that ¢(X, =) & Top(T} (X, ), p). Then there
exists x € ¢(X, 7)) such that z ¢ Top(Tj (X, 7), p). Lety € Top(Tj (X, ), p). Then {z,y} C Ti(X, )
and z € ¢({z,y},7). Now let ='¢ RV be such that, for each i € N and z € X\{x,y}, z ~ y and
r =} y. Then 2 =, » /. It implies that ¢({z,y},Z) = ¢({x,y},Z’). Therefore x € ¢({z,y}, ).
Now, since Tk (X, 7)) = {z,y}, we have z € ¢({x,y},=') = #(X,z). This implies that = p y. Since
y € Top(Ti(X,22), p), we have x € Top(Tj (X, ), p). It contradicts the hypothesis.

Next we suppose that there exists X C X with X # @ and =€ RY such that ¢(X, ) 2 Top(TH(X, 7z
), p). Then there exists x € Top(T% (X, ), p) such that x ¢ ¢(X, 7). Lety € ¢(X, ). Then, LA-Stability,



o({z,y},=) = {y}. Note that = p y. Therefore there exists '€ RV such that {z,y} C Tj(X,*) and
r € ¢(X, 7). Since {z,y} C T (X, 2), we have that 7 =, 1 2. Therefore ¢({x,y}, ") = ¢({z,y},
) = {y}. However, we also have that x € ¢p(X, ') = ¢({z,y}, Z/). It is a contradiction. [J

The series of “dictatorial coalitions” shown in the above lemmas varies across the agents’ preferences.

However we show that there is some order coherent across dictatorial coalitions.

Definition 4.5. A family % is a hierarchical family of ultrafilters over N if % is minimal in terms of set

inclusion among the families of subsets of oN satisfying that

(1) There exists U € U s.t. U is an ultrafilter over N/,
(2) For eachU € % s.t.U is an ultrafilter over N C N, and for each U € U,
if N\U # @, there exists U € U s.t.U is an ultrafilter over N\U.

Definition 4.6. A finite subfamily {Uk}szl C Y is a K-th order hierarchical series of ultrafilters in % if (i)
foreach k € {1,--- K}, there exists N, C N s.t. Uy is an ultrafilter over Ny, (ii) Ny = N and, for each
k > 2, there exists Uy_1 € Uy—1 s.t. N, = Ni_1\Uk—_1, and (iii) Uk | = 1.

We say that such a series of sets {Ul}f:_ll above is a series of coalitions. Note that each hierarchical family
of ultrafilters %/ over N consists of the hierarchical series of ultrafilters originated from a unique ultraliter L4,

over N as in Figure 4 below.

Hereafter we consider each hierarchical family of ultrafilters as the set of hierarchical series of ultrafilters
with the same initial ultrafilter. We say that %/ is a K-th order hierarchical family of ultrafilters if the largest
order of the hierarchical series of ultrafilters in % is K. And, for each {Uy.}re1,... Ky € %, 1et {Uk}pefi, K}
be the series of coalitions associated with {U } pe(i,... K}

Next we define an “order” of a hierarchical family of ultrafilters;

Definition 4.7. A K-th order hierarchical family of ultrafilters % over N satisfies order preservation if, for
each {Up}eqr,... iy and {Uj}ieqa.... 1y € %, the associated series of coalitions {Uy}1—, and {U]}[, satisfy
that
Foreachn,m e Nwithl <n<m <K,
(1) if there exists I, € N s.t. U, NU] € Unand U, NU; ¢ U ,
then there exists n' < n s.t. Uy N Ul/n ey,
and (2) if there exist Ly, 1, € Nwith 1, <, s.t. Up, N Ul'm € Uy, and U, N U[n € Uy,
then Uy, NU; ¢ U .

The intuition is depicted in Figure 2;

Figure 2: Order preservation
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Figure 1: Illustration for A Hierarchical Family of Ultrafilters

10



Definition 4.8. (Generalized serial dictatorship): A solution ¢ satisfies generalized serial dictatorship if there
exists a tie-breaking rule p € R and a hierarchical family of ultrafilters %, such that (1) % satisfies order
preservation, for each X C X with X # @ and 7€ RN (2) the ordered preference partition, {Uk }icq1.... K}
is a series of coalition in %, and (3) p(X, ) = Top(Ti (X, 22), p).

From Lemma 4.3 and 4.4, we show that the next theorem.

Theorem 4.9. If ¢ satisfies St.Unanimity, IA-Independence, and LA-Stability, then ¢ satisfies generalized serial
dictatorship.

Proof. Suppose that ¢ satisfy St.Unanimity, IA-Independence, and LA-Stability. Then, as shown in Lemma
4.3 and 4.4, there exists a tie breaking rule p € R, and, for each € RN, the ordered preference partition
{Uk}requ, k) and its associated hierarchy of {Uy }reqi,... k) satisfy that, for each X C & with X # &,
$(X, ) = Top(Tj(X, ), p).

Let 7 2 be as follows;

U = HUrreqi, iy | 3 2€ RN, {Uk }keqa,- Ky is an ordered preference partition w.r.t Z}.

Then % ¢ is a hierarchical family of ultrafilters. We have to show that % ¢ satisfies order preservation.

Let 77, 77'€ R, and {U;}X_| and {U/}L, be their ordered preference partitions respectively. Let {4},
and {U] }ZL:1 be their associated hierarchical series of ultrafilters. Suppose that % ¢ does not satisfy order
preservation. Without loss of generality, we suppose that the condition is violated for {U; k}le at k = m. Let
lm € {1,---, L} be such that U, N Ul’m € U,,. Note that such [,,, is unique. By the hypothesis, we have that
() U, NU; ¢ U] and there exists n > m such that U, N\U] € U ,or (2)U,, NU] € U] and there exists
i < mand Iy > I, such that U N U;. € Up.

First, suppose that (1) holds. Let V,, = U, NU; and V] = U, NU] . By construction, V,, is a dictatorial
coalition for population A\ UZL:_II Ug. On the other hand, V,,, N Ufgf ! U/ = @. By the same reason as Vj,,
V}' is a dictatorial coalition for population A\ U;’:”l_ L U;. We also have that VN UPZ{ U = @. Now let
N* = M\{(Um71U) U (URZ1 U))}, and U* be the dictatorial ultrafilter. Then, it must be the case that both
Vi € U* and V! € U*, and so V;, NV # @. However, since V| C U, and V;;, C U, we have that

V) NV, = @. Itis a contradiction.

Next, suppose that (2) holds. Let Vi = Uz N Ul’ﬁ. Then, by the same argument as above, Vj is a dicta-
torial coalition for population A\ UZ;% U and Vz N Ué’;l U/ = @. On the other hand, V}, is a dictatorial
coalition for population A"\ Uﬁ’;l_ 'u [ and Vi, N U?:l U, = @. Let U be the dictatorial ultrafilter for a popu-
lation N = M\{(UFZ! Uy) U (U2, U})}. Then, it must be the case that both V;, € U and Vi € U, and so
Vin N V5 # @, However, since V,,, C U,, and Vi C Uy, V,,, NV = @. Itis a contradiction. Thus %/ ¢ satisfies

order preservation. [J

Finally we show that St.Unanimity, IA-Independence, and LA-Stability are the necessary condition for the

generalized serial dictatorship;
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Theorem 4.10. If a solution ¢ satisfies the generalized serial dictatorship, then ¢ satisfies St.Unanimity, 1A-
Independence, and LA-Stability.

The proof is done through the following three lemmas:

Lemma 4.11. If a solution ¢ satisfies the generalized serial dictatorship, ¢ satisfies St. Unanimity.

Proof. Let X C X,z € X and =€ R"N. Suppose that, for eachi € N andy € X, z =; y, and there
exists j € N such that z >; y. Let {Uk;}kK:1 be the ordered preference partition for 2-. Then, for each
ke{l,---,K}, z € T} (X, 7). On the other hand, for each y € X withy # z, there exists k, € {1,--- , K}
such that z -y, v, therefore y ¢ Tj; (X, 7). It implies that Tj (X, ) = {«} and dWN, X, z) ={z}. O

Lemma 4.12. If a solution ¢ satisfies the generalized serial dictatorship, ¢ satisfies IA-Independence.

Proof. Let % be the hierarchical family of ultrafilters governing ¢. Let X C X and =, ='c RN with = =x =/,
Let {Uy }rex and {U] };c 1, be their ordered preference partitions respectively, and {Uj; }5_, and {4/ }L_, be the
associated hierarchical series of ultrafilters. Note that i/ = U] by construction. Now we can construct a
subsequence of {Uy } ke, say, {U, n)},’;( 1> such that (1) 7(n) = 1, and, (2) foreachn € {2, , K}, w(n) is
the first number after m(n — 1) such that Ty, #x Zuv,(, - A family of sets {T77, (X ,,ﬁ)}le is defined

as before;

forVne{2,--- K}, Ty, (X,%)= Topw, 1) Tan—1)(X: %), 2)-

By construction, Nyeqq,.. k3 T (X, )

quence {U;r,(m)};n:l, SO that~ﬂl€{1 }T (X, 2) = Niegr, iy T:,( ) (X, >"). Here {T*
is defined as {77, (X, Z)HE .

Mnegr, &3 D) (X, 7). Similarly we can also define a subse—
(X, =N}

’(m m=1

Next we show that, foreach 1 < n < min{f( , i}}, i:Uﬂ () =X ij’U, using mathematical induction. First,
w!(n)

we have that Uy ;) = Uy and U;,(l) = Uj. Since both Uy, U{ € U, we have U, =(1) N U;r,(l) #+ &. Therefore

- Next, let n > 1. Suppose that, for each #n < n, Zu, ) = x Zp - Then there exists an
w (7)

Now, we have that, for

. /

i "(1)_X iU;/“)
unique * € {1,---, L} such that Uy (,, ;1) N U} € Ur(ny1y. Then 2
each k < m(n+1), Zu, #X ZTUsmin
each k < w(n + 1), Uy NU]. = @. By order preservation, Uy (,+1) N U}. € Uj,.

7r(n+1) NU’
. Therefore, for each k < w(n + 1), Zu, #x NU{*' It implies that, for

Next we want to show that =/, =x >/ Since, foreachnn < n, =y x =, ,wealso have that,
~l1 ~7!(n+1)" ~Una) = NUﬂ,/(ﬁ)
foreachn <n, 7},  #x = U, Suppose that 7. #x 7 er’(n+1)~ Then there exists I’ € {7'(n)+1,--- ,1*—

! (7)
1} such that 7~ NU/ #x NU/ #x U, . Therefore, for each k < m(n+1), U, NU;, = @. It implies that there
' (n)

exists k' > w(n + 1) U NU}, € Uy, It contradicts order preservation. Thus, Zj. =x !, (n+1)- This implies

that r>\:7r(n+1) =X N7r’(n+1)‘
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From the above result, we have that K = L, and T (D) Thus ¢(X, ) = ¢(X, /). O

(K)

Lemma 4.13. If a solution ¢ satisfies the generalized serial dictatorship, ¢ satisfies LA-Stability.

Proof. Suppose solution ¢ satisfies the generalized serial dictatorship with a hierarchical family of ultrafilters
% and a tie-braking rule p. LetY € X C X and Z€ RN . Let {Uk}sz1 be the ordered preference partition
for 7Z. Suppose that ¢(N, X,72) NY # @. Then, foreach k € {1,--- , K}, T;(X,7) NY # &. Therefore,
by construction, 77 (Y, 22) = T3 (X, 2Z) NY. So we have that

PN, X, Z)NY =Top(Tx(X,Z),p) NY

~

— Top(T(X, %) N Y, p)

~

= Top(Tg (Y, 2), p)

~

= ¢(N,Y, 2).

Thus LA-Stability is satisfied. [

5 Free and Fixed Ultrafilters

Theorem 5.1. For each N C Nand X C X with 3 < |X| < oo, the decisive ultrafilter L{)]}] resulting from
&(N, X, ") is free if and only if there exists an finitely additive measure . on 2" such that (1) for each E C N,
w(E) = 0or 1, and, for each singleton {i} C N, u({i}) = 0, and (2) the social order P(-) corresponding to
¢(N, X, -) satisfies that, for each x,y € X and each 72€ R, xP(Z)yif p({i € N |z =; y}) = 1.

Proof. (<) Lettd = {E C N | u(E) = 1}. We show that i/ = U¥. Let E € U. By definition, for each
x,y € X and each Z€ R, if x > y, then xP(7)y. It implies that £/ € L{&V, soU C ug(V. Next, let ' € L[ﬁfv.
Then, for each 7,y € X and each Z€ R, if v = y and y 2Zn\ p 7, then 2 P(27)y. This means that, for Z*€ R
with {i € N | x =¥ y} = F, P(5*)y. Therefore u(F) = 1, i.e., F € U. We have UY C U. By definition,
there exists no i € N such that {i} € U. Thus U = UY is free.

(=) Let a set function p : 2V — {0, 1} be such that u(E) = 1iff E € U{. Then, it is well known that
p is a finitely additive measure on 2V.2 Since UY is free, for each i € N, u({i}) = 0. By definition, it is
obvious that, for each z,y € X and each z€ RV, if u({i € N |z =; y}) = 1,ie., {i € N |z =; y} € U¥,
then zP(7)y. O

References

Aliprantis, C.D., and Border, K.C. (2006), Infinite Dimensional Analysis, 3rd edit, Springer-Verlag, Berlin.

ARROW, K. J. (1959): “Rational Choice Functions and Orderings,” Economica, 26(102), 121-127.

2See Jech, etc

13



DUTTA, B., M. O. JACKSON, AND M. LE BRETON (2001): “Strategic Candidacy and Voting Procedures,’
Econometrica, 69(4), 1013-1037.

ERASLAN, H. AND A. MCLENNAN (2004): “Strategic candidacy for multivalued voting procedures,” Journal
of Economic Theory, 117(1), 29-54.

FISHBURN, P. (1970): “Arrow’s Impossibility Theorem: Concise Proof and Infinite Voters,” Journal of Eco-
nomic Theory, 2, 103-106.

GEANAKOPLOS, J. (2005): “Three brief proofs of arrow’s impossibility theorem,” Economic Theory
26(1), 211-215.

KIRMAN, A.P., AND D. SONDERMANN (1972): “Arrow’s Theorem, Many Agents, and Invisible Dictators,”
Journal of Economic Theory, 5, 267-277.

MAN, P. AND S. TAKAYAMA (2013): “A unifying impossibility theorem,” Economic Theory, Forthcoming.

SATTERTHWAITE, M. A. (1975): “Strategy-Proofness and Arrow’s Conditions: Existence and Correspondence
Theorems for Voting Procedures and Social Welfare Functions,” Journal of Economic Theory, 10(2), 187—
217.

14



