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(I) (00000000000 U0O0O0) ODO00DU0DOU00D0O0O0U00O0O0UOoOoOOOoOo
gboooooooboboobooooobobooooboobooboobooboooooobooba
gbooobooos3stcoobooboooobooboo

gobobooooooobooobobobobooooooboboboooobobDoooobobobo
0000000000000 000O00oO00(OooO00ooO0OOMyerson [18]0000000000OO0O
gboobobooooobobobOoboooboobDooooboobDooLoobooLooobUobubo
O00000000000000000 (communication game, network-restricted game) D000 (00O
O00000000)000000) 000000000 HsiaoO Raghavan [12)0, 0000000000
O00000000000000000 (multichoice game) O Machover O Felsenthal [7]0 0000000
003000000 (ternary voting game) 000000 00 0 O Faigle D Kern [6] 00 (1) 000000
gooboboboboooobooooboboboboboboooooobobobobDoooooo
0000000000000 0000000000Bibao 2]000Myerson 0000000000000
0000000000000 (union stable set, convex geometry, matroid,...) 000000000000
googono

O00OO0OMyerson [18)| 000000000000 OD0O0OO0O0OO0OODO0OOUOOOOOOOO (eg.,
000000 [3]0HamiacheD [11]00) O FagleD Kern [6) D0 00D0000000000000000
00000000000000000000 (e.g., games on union stable systems [1], on convex geometries
[2,3000000 [7,000 [9)00)000000000000000D0000

00000o00o0ooNOOUOOOODO0OUO«0000000ON={1,...,n}000000000000
0000000 eFrOO0 FC2¥0 NOOOOO (setsystem) 00 0000000000O000000O0O
000000000D00000000000000{},{,}00000{}0 {;,;}00000040 4§
gooooooboobod



2 Joooobbooooobb

21 0ODO000OO00bOO00bO00bOo0obo0obOo0oboon

00 1(000000) 00000000000 NDOOOOOOO0O0O0SC NOODOOOOOO0OO0u(®) =0
0000v:2Y SRONDOOOOOOOOOOOOOOOOO (N,v)000000000000000
0DvONOOOOOODOOOOOOODOODO000000000

1 if SOT,

ur(S) =
0 otherwise

OT7TCNODOOQO unanimity game 0O 00O

00 2(00000000) (N,v)DODODODODOOODOO0OODONOODODOOODOOOODOOOO (N,L)
O NOOOO (communication network) 000 O00O0O0OOLC{ijC N |i#}0000000(N,L)O
TCNOODOD (T,L(T) 0000

L(T)={ijeL|ijC T}

000000000 (N,»N,L)00000 (communication situation) 000N OOODOOO00O00O CSY
gooo

00 3(00000000000Uoo) 0oo0 (N, L)000000oDooO jesS0kesSOSOO0O0O
oooooooooono

j=k 000
3{11,,’Lm}QS s.t. j:ilv k:’Lmv {itvit+1}€L vte{]‘??mi]‘}
000000000 j~gk0O0OO0OOOD LOOOODOOOOODO ~s00SO0O S/L:=8/~s0000O

0000004, keSO SO0000000 (D00O0(S,L(S)000000)0000000 S000
000000000

04 N=1{1,23,4,56,7}, Ly = {12,15,26,37,47,56} 0000000 (N,L,) 0000 (O 1)0
1 2 3 4

5 6 7
01000 (Nl,Ll)

00O0v(S)000 SO0000000000000000. 000000000 {1,2,6i00000000
000000 {1,2,6}00000000000000({1,2,6))00000000000000000000
{1,2,3,4}0001020000000000304000000000000000000000000.
0000000000000000000 {1,2},{3},{4000000000000000000000
v({1,2) +v({3}) +v({4) 00 00000000000000 S00000000000000

> ()

TeS/L
ooooooooo



OO0 5 (00000000 [18)) D000 (N,v,L)DDOOUOODOOUOOO (network restricted game)
goooboooooo
vl (9) = Z v(T) for each S C N
TeS/L

000000 (N,0k)00ooooooo

gooooooooooooooOoOoOoOoOoOoOoOoOoOoOOo S0rTrTooo0oooooooooOooo
0000000000 (e, SNT#0)00000000000000000D00000O0O0OO0O0OO
sSurgdoooogoooooooooboooooooooooobooOoooooobosuroooooooo
O000O00000OBibao2)00000000 (union stable system) 0000000

OO0 e (0OOQOO) oooucCc2O000000000o00ooyooooooo (union stable system)
oooooo
SSTeu, SNT#0 = SUTel.

007 W-00)uc2NOOD0DODODO0ODOOOOSCNODODOTCSODDODOO0OOO0OOoora S
Oy-ooooooooo

() TeU and (i) W eUst. TCUCS.

000SOy-00000000Cu(S)oooo

o0 8 (4-000O0UDO) (Nyv) DOOODDODOOODOOKWOOODOOODODODOOOOODOOW-0OOOO
(U-restricted game) 00D 0D O0OOOO

WM (8) = Z v(T) for each S C N
TeCyu(S)

000000 (V,0¥)000000000

0000000 (N,L)0oo0o0
F:={SCN|S:0000}

000000000000000 SCNOOOOOCL(S)D S/LO0000000000« 00000
ooo

040000000000DODOOO00OOO0OO0OOODODOOOO0OOOOOODODDODOODOO
ooboooboboooboobooooobooobobooooooooobooooboOooooooobooboooooo
obooooobobooooobooboobooboobooboooboooobooboooooon

090 1000000000000000000 {1,2,5,6}D {3,4,7}DDDDDDDDDDD
v (N) = v({1,2,5,6}) +v({3,4,7})

ooooooooooooDboooboobOOO00O0o0ooooooo 3o roooooooooDbDDbOODOO
000000 Ly ={12,15,26,47,56} 0 00000 NOOOOOOO

v (N) = v({1,2,5,6}) + v({3}) + v({4,7})
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00 10 (000000 [3]) D000 (N,»,L)00000000000 (link game) 0000000000
(M) = oM (N) = Z v(T) foreach M C L
TEN/M
000000 (L) 000000000 000Us’® =0000000(N,v)DO0DODODOODOOOO
googoo

000000000000000 (N,L)0000000000000000000000000000
(N,v)000O0000
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oobooooboooooooobooobboooboooooboooooooboooooboooobooobboobooon
oboooooboooooooboooboboooooobooooon

00 11 (000000 ([5]) 000 £Cc2Y0000000000000£0000000 (convex geom-
etry) 00O OO0O0OO

(C1): S\TeL = SNTeL,

(C2): SeL,S#N = 3FjeN\S st. SuUjecl.
oooooooobo NOOOOOODOOOOOOoooooooooboooobooboooooooooo
000000000oU0oU00000 NOOOOOOO) 0000000 S,7T0000000000000
0000o0000ooo0SNTOUOOOO0OO0OU0DOOOO0OUOOO0OODOOUOOOOOO (CyoNOOOOoOo
coooooOoooooOooobooooooOooSoNOOOOooObOOooOooOSOOOoOobDOooOooDOo

0000000000000 0000oooooooo (C2)o
O0O0O(N,L)DO00000000O00O0Uoo

F={SCN|S:0000}
goboooboobooon

00 12 (00000 [23) 000 MC2¥0000000000000£000000 (matroid) 000
0ooo

M1): SeM, TCS = TeM,
M2): S;TeM,|S|=|T|+1 = 3FjeS\T st. TUjeM.
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(A1l): {CCN|N\CeA}O ODOOOOO

00 14 FOOODOOODOACBOO A BeFOodoonAcCccocBOOOODOOCeFOOO
O000O0O0AQO BOOO (cover) J0O0O0O,0000 BO ADUODOOOOOOO,A<BOOO
B-AQOOO.

00 15 (00000 [18) 000 ROOODOOOOOOOOO0ORDOOD (regular) 00000 DO
(R1): NeR,
(R2): SSTeER, S<T = [T\S|=1

gboboobooboooooobobooooooooboobooooog
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O (chain) 000. FOOOOO,¥CFO0000000,90 F000000NeNOOO00O0 (00
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0oONO0000000000 MM 0000
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oo0o000O00 SemMOO0O0O0O000000O0O0+eSO0000O00C0O0OOO0O0OOOCOOOSOO
ocooooooosoooooooooOoOoooOoooooboooo NOODOODOODOODOOODOOO

123 13 123

12 23 12 23 12 23

(a) (b) (©)

02 (a):000,000():000000(c):00



00 18 (000D00000) FC2¥OODOOO0O0.00000Se F0000000000000(0)=0
0000v:F—-ROFOOODODOOOOOOODOOO0O000 (NV,0,F)0000 7000000000
000000000000000000000(N,v,F)0v000000v0 000000000000
FOOOOODDOOOOOOOG(F) DOO00O0000veg2Y)0 00 NOODODOOOOOODOOO
000000000
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00 19 (000000000 [7]) NOOODOODOODOOOO03Y :={(F,A)|F,ACN,FNnA=(}
00000000FO0000000AOOOODODO,N\F\ADODOOOOOOOOOOOOOOOOODO
0000 v:3¥ > {-1,1}0 NODOODO (N,») 0000000000 (ternary voting game) 000 O

(T1): o(N,0) =1,
(T2): (0, N) = —1,
(T3) : FlgFggN,NQAl :_>A2 = U(Fl,Al)SU(FQ,AQ).

O000(T1),(T2)000 b(0,0)=00000 b:3Y — [~1,1] O bi-cooperative game [?] 00000 (T3)
0000 bi-cooperative game O 0 O O (bi-capacity) 0000 O [9]0

00 20 (0000000 [12]) 00000000000 NOOOOL;={0,1,...,,}00000000
0000+eNOOOODODO (00O0O0O00O0O0O0)00000000000L=1L;x---,xL, 0000
000s=(s1,...,s,) €L 0 (000000000)000000000000000000000000
00l={4,...,l,})00000000000000000000000000000000000000
00000000=(0,...,0)000000000000000(0)=0000000v:L—ROLOO0
0000O000(N,L,v)00000000 (multichoice game) 10 000000000000000000
0000 (N,L)0000000000000

000000 (Nyv)OOOOOOOOOOseNOOOOOOOOOOOO Ly,={0,1}0000000
000000000000000o0ooo0oo (N,y, L) 000000000000 0D0O0O0O0DO0OO0OO0
good

021 0000000000000000 200000 (N =1{1,...,n})0000000000000
0000000000000 i e NOOOOOODOOODOD (;00000000000000000
(L; ={0,1,...,,))000000000000000000000000000 ((a1,-..,an) € Ly X+ X Ly)
000000000000 00000 (v(as,...,a,) 00000

oboooooboobooooobooboobooooobobooooooaon

0o 22 (vOOD) (L,<,V,A,T,)0000000000(L,<)0000000000000V, ADO
O((@0D) oo (UoO0)oT,l0000000000000000000UDO02zeLO000O0O0O0O0O0OO
00020 LO Vv-000 (join- irreducible element) 0 00 :

1. x#£ 1,
2. 000 aq,bel0000,z=avb000 =000 z=00000

O00LOv-000000000 Jg(L)oooo



00 23 (00000000) (L,<,V,A,T,L)00000000000007(L)0000000000
0000LODODOee LOODOOOOOO0O0OOw(L)=00000v:L—-ROLOODOOO0O0O00O0
(L,<,V,A,T,L,0)000000000000000000000000000000»0000 LOO
000000000000

0024 LO0O00O0ODO0O0O0O0O0O0O0O eeLOO

a:\/b

ben(a)
oooooooooon
n(a) :={zeJ(L) |z <a} (1)
ooooogo
a= \/ b (2)
ben* (a)

00000000 #*(e)Cne) 0000000000000 2)0ec 000000000

000n0 (L, <,V,A,T,1)00 (p(L),C,u,N, J(L),$) 0000000000 [13)0000000 (J(L),n(L))
00 LO00O00D0D0000000

00 25 (L,<,V,A,T,1,0)00000000000000000 000000000 (J(L),n(L)0
0000w eG(J(L),n(L)000000000000

V1(8) :=now(S) = v(n~'(S), S emn(L). 3)

0000Oqn0O (1)0D0000000000O00UOOO0O0UOD

123

o

(a) ordinary cooperative game (b) bi—cooperative game (c) multi-choice game

O 3: Examples of games on lattices: elements indicated by black circles are join-irreducible.
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(poset) (N,x)0000O00OOO



00 26 NOOOOOOOOOO(N,x)OOODOUOOODOODODODOOOO(N,x)D000000000OO
gooooooooo NOOOOog scoanNOoooo

i1€8, j=i = jeSs

00000000000+eNOODODOOOOOOODODj<i00000000:i000000000
00000000000000000000(N,<X)000000000000 ¢N)000000v(0)=0
0000v:¢(N)—-ROODDOO000O (N,<)00000 (N,<,0)0000000

00000400000000000 (a) (N, =a), (b) (Ny, =), (¢) (N.,=.)00000000000
0000000000000000

¢(N,) = {0,1,3,13,34,123,134,1234}
¢(N,) = {0,1,2,3,12,13,23,123}
¢(N,) = {0,1,12,123}

2 4 3
O O O 2
1 2 3

1 3 1

(a) (b) (c)

04 000000000000000

3 Jooboobbooooo -b0bobboooooo-

Shapley [19)0 00000000000 0OOO 100000 (D000U0DO0DOOOUODOOOOOOOO
O0O00)ooooooOoOooooooooo

00 27 (000000) 000000egN,2Y)0000000000 &(v) = (1(v),...,0,(v)) € R"
0ooooooooooo.

diw) = 3 BTN gy s 4y,

n!

000,n=|N|,s=|S|0000

3.1 JU0UO0d0Ududuououououououooouoon
00 28 (0000000 [2,18]) 0000 (N,v, L) 00000000000 ¥(N,v,L)eR*0000
000000 »Y00000
U(N,v,L) = ®(vl)
00000000000000000U% 00000 (N,»,)00000000000 ¥(N,v,U)eR*00
U(N,v,U) = (")
0Ooooo0ooOo0d
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3.2 ODUOogodobboobouooobbobodgo

obooobooobooooboooboooooooooobooooboooooooooboooobooooog
oobooOoobooobobOooboobooOoooobooobboobooOooooooooooboooooOooobooOon
000000000000 FaigleO Kern 6| 0000000000000 OOOOOOOOOOOOOO
gbobooboobobooooobobooooboobobooooobobooooonog

00 29 (0000000000000 0O0O0OOO0O0O0O0O [2])) LO0ODODO0OOUOOOODOOOOOO(N,v,L)
O0000o0O00oooo oN,0, ) 0000000000000

S\ S ND oo
S w(S) ~ ().

(N,v,L):= Y
seL
ex(S)314

DO0O00ex(S):={ieS|S\ieL}0¢(S,T])0 SOOT2S00000000 (000O([S,9]) :=10
c(S):=c¢([0,S) 000D

00 30 (0000000000000 D0O0OO0ODOO [2) MOODUDODODODOOOODODODOOO(N,v, M)
00o0ooo0ooooo oV, M) 0000000000000

®;(N,v, M) = Y ;)’—JSV (ry —rs)t (s — ! (v(S) — v(S \ 9)).

|
T
SeM

S3i

0000rs == max{|T| : T C S, T € M}Obs := |Bs(M)|, Bs(M) := {B € B(M) | B D S},
BWM):={BeM||Bl=ry}0000

00 31 (00000000000 000UDO0O0O0O0UOO [13]) ROUOODODDOOOOO.O00OO0O(N,v,R)
O000ooOooooo oNV,0,R) DO0O0DUODOO0O0OOO0OO

(I)'L'(vavR) =

Dooo%i) = J cufi

Cew
CHi

oboROOOOOOOOOOOOOOO 3100029000000

3.2.1 ODO00OO0OO0OOOOOOOOOOOOOOOOOOObOOObOOnOO

0o0o0o0oo0oo0oo0oo0ooooooUooooog @=(94,...,9,) 00000000000 (O
o0o0o0O0)ooooooooo
00 1(000) DOD0ORODNODOOOODDOUDOD veg(N,R)0DODO0ODOOODOODOOODO

n

> (N, v,R) = v(N)

=1



00 2(000000000000)000RO NOOOOUOO,000 vedg(N,R)O0OUDO,00
D00 ieNDOvDOODOODODODOO (e, SeR,SU{i}eR = v(SU{}) =v(S))000000
ooooog

D,(N,R,v) =0

00 3(000) 0O NOOOUOOOOOOO RO NOOOODOOO,000wveg(N,R)OOOODO

Qi(N,R,v) = P,;(N,0(R),000)

000,0(R) :={a(S)|SeR},c0v(S):=v(c"1(9)),S€c(R) 0000

00 4(000) O0OORONDOOOOOOO,O000 m,»wedg(N,Rm)OOODOOOODODOOOOO
@(N,R,Ul —I—UQ):(I)(N,R,’Ul)-i-(I)(N,R,UQ)

00 5(00) 000 ROODOOO{M(Ry),M(Ra),..., MR,)}0 M(R)0DOO0O000000000O
0 Ri,Ra...,Rpm CROOOODDOOOY" ;o =100 ag,09,...,a, €[0,1] 00000, 000
veG(N,R)000D0000000000

(N, R,v) = > ap®(N,Ry,v|r,)
k=1
000,vg, 0 v0 R, 00000000
00500600000000000000000000000000000000O0OO0,ROOO0O

000%¢={0=CyC,...,.C,, =N} O0ODDODODOODOOOOO0O000O00O (e, (N,9)0000)0
000O0OM(¢)0000 ¥00000100000000000000

MR)= |J M(©®)
ECeM(R)

0000%,% eMR)00000
i # ¢ = M(G)NM(E;) =10
0000000000 {M(%)}gemm 0 M(R)OODODO000000000 5000000000

(N, 0, R)= > ag®(N,%,vly),
CeM(R)

Y emmy@e =1000000

00 32 (16,17 ROOUDOOODOOUOOOOOOOOOD 1,2,3,4,50000000 @:G(N,R)—R"”
ooo10000e=v000000. ¢

15 00000000000000000000000
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3.3 buoogpobobouooobbbuooobobobooooobon

oboooooboobooboooboobooooooboOoboobooobooboooooooboOobooOoon

000 L=(L<,V,AT,1)000024000002 00000000 p():={bel|b<a}0O
000

(n(L),C,u,n,J(L),0)
DDDDDDDDDDDDDDJ(L)DDDDD n(L)DDDDDDDD]LEIDDDD (N,v,]L)I] nO00

00000 »L)0D00000000000000000DOO0D0 »'000000000000000O0
ooogd

00000000000000000000000L:=(L,<,V,A,T,1)00000v:L—R
0L0000000000000000J(L)={1,2,...,/}00000 LO00000O0O0OO
(J(L),n(L)) 000000000000 7= (7., ¥) 000000000000

Ul(v) =, (0"), i=1,2,...,1 (4)

0000p0 (1)0000000000000000p000 (3)0000000000 (J(L),n(L))
0ooooooooo

0330L (05()0000000000000000L,0vO000000000 J(Ly)=/{de,f}

0000n(a) = {d,e, f}, nb) = {d,e}, n(c) = {e, f}, n(d) = {d}, n(e) = {e}, n(f) = {f}, n(g) =0 OO
000000L, = {de, f,b,c,a} 0

n(Ly) = {{d}, {e}, {F}, {d, e}, {e, [}, {d, e, [}}

ooooog

05 (a) 000 Ly 0 (b) 00000 (L)

O000On(l,) 00000 LOOOODDOOO0ODO0OOO0ODOOOOO

{0,{d},{d,e},{d,e, f}} < {g,d,b,a}
{0,{e}, {d, e}, {d,e, f}} < {g,e,b,a}
{0, {e},{e,f}.{d.e, f}} < {g.e,c.a}
{0.{s}:{e; f1.Adse, f}} < {g.f.c,a}
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000 9(v) 00U (v) = (v") 000

Vi) = i[hﬂGﬂ})—v"@X}+{vW{¢6})—U"GGD}
+Ho"({d e, f}) —o"({e, fH} + {v"({ds e, f1) —v"({e, [1)}]

= %HM@*v@ﬂ+{M®*v@ﬂ+{M®*v@}+&wﬁfﬁdﬂ

@MW+M®*U@H+%W@)*M@]

N

goo.

0000000000000 00000000000000 (multichoice game) O bi-cooperative gamel
000 (bi-capacity) [21] 0 Faigle 0 KeenOOOOOOOOOOOOOODO 3000000000000
0000oo0oO00ooooooooooo 1o, 13]0

goobobooboobooboboobooboobobboobooboobooboobooboon
0000000000000000L =Lyx, -, xLn, Ly = {1,2,...,5;} 00000000
googoono <:
a=(ay,...,an),b=(b1,...,b,) eLOOOO
a<b & a;<b; VieN.

goooOoO0OC0e,bcLO0O0O0O0O0OO

aVb= (a1 Vby,...,a,Vby)
aANb= (a1 Aby,...,an ADy)

000000000(L,<,V,ALO0)L:=(,...,,) 0000000000000000000
(N,0,L)00000000 (L,<,V,AL0,0) 000000000007 (L)00

j(IL) :{(ai,O,i) |i€N,ai ELi}
0000000000belLO aq; e, 00000
(a/hb*i) = (b17"'7bi717ai7bi+17"'7bn)

0000000000000L=Iyx,---,L, 000000000000 (L., (J(L),n(L))
000)000000M4)000000000000000000000000000000

0000000000000 00000000O000oOoU0oU0 Looooooooyg)oooooo
0000000000 000o0o000o00oU0o0o0oUo0o0DOo0o0DooDoDoUOog)0UoDO
(¢;,0_;,) 0000000000000 0OOOOOOOOOOOUOUOODOOOOOOOOOOOdeENDO
0000000000000 ;000000000000000000000000 7 Oi)(v)DDD

(a;,0_

Obb00:eNOODOOOO uOOO0OO0O0O0OODOOOOOOODOOOOOOODOOO

034 00000 10000002000000000 L1={0,1,2},L,={0,1,2 3000000
20000000000000000. 00000L=L;xL, 0000600000000000000
0000000000000000000000J(L) ={(1,0),(2,0),(0,1),(0,2),(0,3)}00000 LO
00000000 (J(L),nL)) (0 6)000000000000000(4) 00000000000000
0000000000000000000000
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{(1,0),(2,0),(0,1),(0,2),(0,3)}

{(1,0),(2,0),(0,1),(0,2)} {(1,0),(0,1),(0,2),(0,3)}

06: (a)000LO (b)0OO0D00 pL)

oogd

[1] E. Algaba, Extensién de juegos definidos en sistemas de conjuntos, Ph.D. Thesis, University of Seville,
Spain, 1998.

[2] J.M. Bilbao, Cooperative games on combinatorial structures, Kluwer Academic Publisher, 2000.

[3] P. Borm, G. Owen, and S. Tijs, On the position value for communication situations, SIAM Journal
on Discrete Mathematics, Vol. 5, No. 3, 305-320, 1992.

[4] A. Dukhovny, General entropy of general measures, Int. J. Uncertain. Fuzziness Knowledge-Based
Syst. Vol. 10, 213-225, 2002.

[5] P. H. Edelman and R. E. Jamison, The theory of convex geometry, Geom. Dedicata, vol. 19, 247-270,
1985.

[6] U. Faigle and W. Kern, The Shapley value for cooperative games under precedence constraints, Int.
J. of Game Theory, Vol. 21, 249-266, 1992.

[7] D.S. Felsenthal and M. Machover, Ternary voting games, Internationa Journal of Game Theory, Vol.
26, No. 3, 335-351, 1997.

[8] Fujimoto K, Honda A (2009) A value via posets induced by graph-restricted communication situation.
In: Proc. 2009 IFSA World Congress/2009 EUSFLAT Conference, Lisbon, Portugal.

[9] M. Grabisch and Ch. Labreuche, Bi-capacities for decision making on bipolar scales, In EUROFUSE
Workshop on Informations Systems, Varenna, Italy, September 2002.

[10] M. Grabisch, Capacities and Games on Lattices: A Survey of Results, Int. J. of Uncertainty, Fuzzi-
ness, and Knowledge-Based Systems, Vol 14, No. 4, 371-392, 2006.

[11] G. Hamiache. A value with incomplete communication, Games and Economic Behaviour, Vol. 26,
59-78, 1999.

13



[12] C.R. Hsiao and T.E.S. Raghavan, Shapley value for multi-choice cooreerative games, I, Games and
Economic Behaviour, Vol. 5, No. 2, 240-256, 1993.

[13] A. Honda and M. Grabisch, Entropy of capacities on lattices. Information Sciences, 176, pp. 3472-
3489, 2006.

[14] A. Honda and M. Grabisch, An axiomatization of entropy of capacities on set systems, European
Journal of Operational Research, Vol. 190, 526-538, 2008.

[15] A. Honda, Y. Okazaki, Axiomatization of Shapley value of Faige and Kern type on set systems,
Journal of Advanced Computational Intelligence and Intelligent Informatics, Vol. 12 No. 5, 2008, 409—
415, 2008.

[16] A. Honda, Y. Okazaki, Shapley type axiomatization of a solution of game on set systems, Proceedings
of the Modeling Decisions for Artificial Intelligence 2008, Spain, 2008.

[17] A. Honda, Y. Okazaki, A new characterization of a value of the generalized game, 00000000
OO0ooooooooo, CSSE-32, 2009.

[18] R. Myerson, Graphs and cooperation in games, Mathematics of Operations Research, Vol. 2, No. 3,
225-229, 1977.

[19] L.S. Shapley, A value for n-person games, Kuhn HW, Tucker, AW (eds) Contributions to the Theory
of Games Vol. II, Princeton, 307-317, 1953.

[20] M. Sugeno, Fuzzy measures and fuzzy integrals: a survey, in M.M. Gupta, G.N. Saridis, and B.R.
Gains, editors, Fuzzy automata and decision processes, pp. 89-102, North Holland, Amsterdam, 1977.

21 DOODOODOO0OOOO,000000000000,0000,000000000000C000O00,,
OO00o00O -0000000bo0o0oo0oo, Voll6, No.4, 2004, 311-318,

[22] G.-C. Rota, On the foundations of combinatorial theory I., Theory of Mobius functions, Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete,

[23] H. Whitney, On the abstract properties of linear dependence, Amer. J. Math., vol. 57, 509-533, 1935.

14



Representations of Importance and Interaction
of fuzzy measures, capacities, games and its
extensions. A survey*

Katsushige FUJIIMOTO

Abstract This paper gives a survey of the theory and results on representation of
importance and interaction of fuzzy measures, capacities, games and its extensions:
games on convex geometries, bi-capacities, bi-cooperative games, and multi-choice
games, etc. All these gamesare regarded as games on products of distributive lattices
or on regular set systems.

1 Introduction

The measure is one of the most important concepts in mathematics and so is the
integral with respect to the measure. They have many applications in economics,
engineering, and many other fields, and their main characteristicsis additivity. This
is very effective and convenient, but often too inflexible or too rigid. As an solution
to the rigidness problem the fuzzy measure has been proposed [28]. It is an exten-
sion of the measure in the sense that the additivity of the measure is replaced with
weaker condition, the monotonicity. The non-additivity is the main characteristic of
the fuzzy measure, and can represent interaction phenomena among elementsto be
measured.

Definition 1 (fuzzy measures). Let N be a non-empty finite set. A fuzzy mea-
sure, also called a capacity, on N is afunction v: 2N — R such that v(0) = 0, and
V(A) < v(B) whenever A C B C N. A fuzzy measure is normalized if v(N) = 1. A
transferable utility gamein characteristic form[5], or simplicity game, isafunction
v: 2N — R such that v(0) = 0.

Katsushige Fujimoto
College of Symbiotic Systems Science, Fukushima University, 1 Kanayagawa,Fukushima 960-
1296, Japan, e-mail: fujimoto@sss.fukushima-u.ac.jp

* This research was partially supported by the Ministry of Education, Culture, Sports, Science
and Technology-Japan, Grant-in-Aid for Scientific Research (C), 19510136, 2007-2009.



2 Katsushige FUIMOTO

Given a subset SC N, the precise meaning of the quantity v(S) depends on the
kind of intended application or domain [10]:

e Nistheset of states of nature. Then SC N isan event in decision under uncertainty or
under risk, and v(S) represents the degree of certainty, belief, etc.

e Nisatheset of criteria, or attributes. Then SC N isagroup of criteria (or attributes)
in multi-criteria (or multi-attributes) decision making, and v(S) represents the degree of
importance of Sfor making decision.

e N isthe set of voters, political parties. Then SC N is caled a coalition in voting
situations, and v(S) = 1 iff bill passes when codlition S votes in favor of the bill, and
v(S)=0eélse.

e Nistheset of players, agents, companies, etc. Then SC N isalso called acoalitionin
cooperative game theory, and v(S) is the worth (or payoff, or income, etc.) won by Sif
all membersin Sagree to cooperate, and the other ones do not.

As mentioned above, fuzzy measures (or capacities) are a special type of games
(i.e., monotone games). Throughout this paper, we will use the term “games’ on
behalf of fuzzy measures, capacities, and games unless monotonicity is essential
in situations to be considered, and “players’ on behalf of events, voters, criteria,
attributes, etc.

1.1 Intuitive representations of importance and interaction 8

In order to intuitively approach the concept of importance of player and of interac-
tion among players, consider two playersi, j € N. Clearly, v(i) is one of representa-
tions of importance of player i € N. Aninequality

v({i,jH) > v({ip) +v({j}) (resp.<)

seems to model a positive (resp. negative) interaction or complementary (resp. sub-
stitutive) effect between i and j. However, as discussed in Grabisch and Roubens
[13], the intuitive concept of interaction requires a more elaborate definition. We
should not only compare v({i}), v({j}), and v({i, j}) but also see what happens
when i, j, and {i, j} join coalitions. That is, we should take into account all coali-
tionsof theform T U {i}, TU{j}, ard TU{i,j}. Foraplay i and acodition T % i,

A@V(T) == w(TU{i}) —v(T) @

seemsto represent an index of importance of i in T U {i}. The equation (1) is called
the marginal contribution of a player i to a coalition T in cooperative game theory.
Then it seems natural to consider that if for T not containingi and j

A{i}v(TU{j})>A{i}v(T) (resp. <)

then i and | interact positively (resp. negatively) in the presence of T since the
presence of player j increases (resp. decreases) the marginal contribution of i to
coalitionT. Then
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A pv(T) == AT U{j}) —Amv(T) @)
is called the marginal interaction [12] between i and j in the presence of T. Note
et AGV(TU{j}) —Ap(T) = AT U{i}) — Ayu(T).

For three playersi, j,k € N and acodlition T not containing i, j and K, A j iy V(T)
can be naturally defined as

A{i,j,k}V(T) = A{i,j}V(T @] {k}) — A{lj}V(T)

Then we have Ag V(T U{K}) — A pv(T) = AT U{j}) — AggU(T) =
Agj V(T U{i}) = AgjigVv(T). Moreover, for two distinct coditionsSand T C N\ S

A5V(T) = AS\{i}V(T U {I}) — AS\{i}V(T) (3)

fori € S Similarly, when, for example, Asv(T) > 0 (resp. <), we shall consider that
players among Sinteract positively (resp. negatively) in the presence of T.

1.2 Generalizations of domains of games [10

In ordinary cooperative game theory, and decision problems described through the
use of fuzzy measures and/or capacities, it is implicitly assumed that all subsets S
of N can be formed; however, thisis generally not the case. Let us elaborate on this,
and distinguish several cases.

e Some subsets of N may be not meaningful. When N is the set of political parties, it
means that some coalitions of parties are unlikely to occur, or even impossible (coalition
mixing left and right parties). When N is the set of players, for players in order to
coordinate their actions, they must be able to communicate [27].

e Subsets of N may be not “black and white”, which means that the membership of an
element to N may be not simply resume to a matter of member or nonmember. Thisis
the case with multi-criteria decision making when underlying scales are bipolar, which
is a demarcation between values considered as “good”, and as “bad”, the central value
being neutral [11]. In voting situation, it is convenient to consider that players may also
abstain, hence each voter has three possibilities [7]. When N is the set of players, one
may consider that each player can play at different level of participation [16].

2 Fuzzy measures, capacities, games and its extensions

Definition 2 (lattices). Let L be a non empty set and < a partial order on L (i.e.,
(L, <) isaposet). (L, <) issaid to bealatticeif for x,y € L, the supremum xVy and
theinfimum x Ay always exist. T and L are the greatest and least elements of L, if
they exists. Anelement j € L isjoin-irreducibleif itisnot L and cannot be express
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as asupremum of other elements (i.e., thereareno i,k < j such that j =iV Kk). The
set of al join-irreducible elements of L is denoted by J(L).

Proposition 1. 3 Let L be a distributive lattice. Any element x € L can be written
as an irredundant supremum of join-irreducible elements in a unique way. That is,
for any x € L thereuniquely exists {j1,..., jm} € J(L) such that

x=\/ji (4)
i=1

and that if thereexists M C J(L) such that X = \/jcpm |, then {jg,..., jm} € M. The
equation (4) is called minimal decompositionof xandthe {j1,..., jm} isdenoted by
n*(x). For any x, we denote by n(x) :={j € J(L) | j <x}, thenX= Vjcyx J. FOr
example, in Fig. 1 (b), n(23,1) = {(0,13),(2,13),(0,12),(3,12)} and 1 *(23,1) =
{(2,13),(3,12)}.

Definition 3 (fuzzy measures and games on lattices). A gameon a latticeL isa
functionv: L — R such that v(_L) = 0. A fuzzy measure, aso called a capacity, on
alatticeL isafunction v : L — R such that v(_L) =0, and v(A) < v(B) whenever
A<B<T.A fuzzy measureon alatticeisnormalized if v(T) = 1.

2N can be coincided with the Boolean lattice B(|N|). Therefore, ordinary fuzzy
measures and games on N are regarded as fuzzy measures and games on | attices.

2.1 Examples of generalizations of games [10

Definition 4 (games on convex geometries[zl). Let N be a set of players. A col-
lection ¢ of subsets of N is aconvex geometry if (i) it contains the empty set, (ii) is
closed under intersection, and S€ 4, S# N impliesthat it exists j € N\ Ssuch that
SU{j} € ¥. A game on a convex geometry ¢ isafunctionv: % — R such that
v(0) = 0. Similar approaches on other restricted domains, games on union stable
systems and on matroids, aso have been studied by Bilbao [2].

Definition 5 (bi-cooper ativegamesand bi-capacitiesl1 ). Let 2(N) = {(S1,S) |
S1,$ C N, SNS, =0}. A bi-cooperativegameon N isafunctionv : 2(N) — R
such that v(0,0) = 0 and a bi-capacity on N is a bi-cooperative game on N such
that v(A,-) < v(B,-) and v(-,A) > v(-,B) whenever AC B C N. A bi-capacity is
normalized if v(N,0) =21and v(0,N) = —1.

Definition 6 (multi-choicegames[m]). Let N beaset of players. Each playeri € N
has a finite number of feasible participation levels whose set we denote by M; =
{0,1,...,m} and M = [];cy M. Each element s= (s1,%,...,5) € M specifies a
participation profile for players and is referred to as a multi-choice coalition. So, a
multi-choice coalition indicates the participation level of each player. A multi-choice
gameisafunctionv: M — R such that v(0) = 0, where 0 = (0,0,...,0) € M.
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Definition 7 (games on product Iattices[ls]). LetL :=Lj x--- x L, beaproduct
of distributivelattices (i.e., I is also adistributive | attice with product order), where
L1,...,Ly arefinite distributive lattices. A game on a product lattice L is afunction
v:L — Rsuchthatv(L)=0,where L = (Lg,...,Lp).

Here, we consider some examplesof gameson L. If L := { L, T} for al players
i € N, then we get ordinary games on 2N, If Lj := {L,x, T}, L <x< T (eg.,
{-1,0,1}) Vi € N, then we have bi-cooperativegames. If L; := {0,1,...,mi} Vi € N,
we obtain multi-choice games.

(a) ordinary cooperative game (b) bi-cooperative game (c) multi-choice game

Fig. 1 Examples of games on lattices. elements indicated by black circles are join-irreducible.

3 The Mobiustransforms and Derivatives

Definition 8 (the M dbiustransform [24]). The Mobiustransform of agamev: 2V
— Risagameon N denoted by AV : 2V — R and is defined by

AY(S):= Y (—1)S\TIW(T) foreachSe 2V.
cs

Equivalently, we have that

V(S =Y AY(T) vse2W.
TCS

Thus, the worth v(S) of a codlition Sis equal to the sum of the Mobius transforms
of al its subcoalitions. This gives a recursive definition of the Mobius transform.
The Mabius transform of every singleton is equal to its worth, while recursively,
the Mobius transform of every coalition of at least two playersis equal to its worth
minusthe sum of the Mobiustransformsof al its proper subcoalitions. In this sense,
the Mobius transform of a coalition Scan be interpreted as the extra contribution of
the cooperation among the playersin Sthat they did not aready achieve by smaller
coalitions. The Mabius transformis also called the Harsanyi dividends[14].

Definition 9 (the M dbius transforms on posets). Let P:= (P, <) be a poset. For
afunction f : P — R, the Mobius transform A of f is the unique solution of the
equation:
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=>A'(y) vxeP,
y<x
given by
") =Y uy.xf(y), xeP

y<x
where u isthe so-called Mobius function on P and given by

1 if x=Yy,
RYX) = —Dy<rexi(y,2) iy <X,
0 otherwise.

Asnoted in section 2.1, any bi-cooperative game on N is regarded as a game on
alattice (i.e., aposet). Therefore, the Mobius transform of a bi-cooperative gameis
obtained as follows:

Definition 10 (the M 6bius transforms of bi-cooperative games). The Mobius
transform of a bi-cooperativegame v : 2(N) — R is defined by

AV (A, Ap) = > (—1)A\BiltB2Aly By By)  for each (A, A2) € 2(N),
(B, B2)E(A1, Ag)
BonA; =0
where (B1,Bz) C (A1,A2) meansthat B; C A; and A, C By. Equivaently, we have
that
V(AL A) = Y AY(B1,By).
(B1,B2)E(A1,A2)
Definition 11 (derivatives). Thefirst order derivativeof v: 2N — Rw.rt.i € N at
SCN\{i}isgivenby
AGV(S) :=v(SU{i}) — v(S).

Itisalso called the marginal contribution of i to SU{i} in cooperative game theory.
Thederivativeof vw.r.t. T C N at SC N\ T isiteratively defined by

ATV(S) = A{i}[AT\{i}V(S)] ieT

with convention Agv(S) = v(S). It is the marginal interaction, discussed in section
1.1, among playersin Sin the presence of T. The explicit formulais:

Arv(S) = Y (-1)MVlv(suu).
UCT

Equivalently, we have that

ATv(§) = Y AY(TUU).
ucs

In particular, the Mobius transform AY(T) can be represented as follows:

AY(T) = Atv(D) VT CN.
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Definition 12 (k-monotonicity of games (capacities)). Let k > 2 be an integer. A
game v on N is said to be k-monotone (see e.g., [4, §2]) if, for any k codlitions
A1, Ay, ..., Ac C N, we have

k .
v(iL:JlA-) > chi’k}(l)“rl\/( Q] A). )

Itiseasy to verify [4, §2] that k-monotonicity, with any k > 2, implies|-monotonicity
forall € {2,...,k}. By extension, 1-monotonicity (which does not correspond to
k= 1inEq. (5)) is defined as standard monotonicity, i.e.,

v(S) <v(T) whenever SCT.

The notion of derivatives and of k-monotonicity are closely linked to each other.

Proposition 2. 8 Let k> 1. A game v is k-monotone if and only if, for all SC N
suchthat 1< |§ <kandal T C N\ S wehaveAsv(T) > 0.

Definition 13 (derivativeson distributive lattices). Let L be adistributive lattice.
Thefirst order derivativeof f :L — Rw.rt.i € J(L) at x € L isgivenby

Aif(x) := f(xVi)— f(x).
Thederivative of f w.r.t.y € L at x € L isiteratively defined by
Ayf(X) 1= A A Aj 1 [Ajn ()] 1] WXeEL,

wheren*(y) = {j1, j2,..., jm}. Notethat if jx < xfor somek, the derivativeisnull.
Also, Ay f(x) does not depend on the order of the ji's. The explicit formulais:

Ayf(x) :sc{lz“ }(71)m7|5|f(x\/\/ Ik)
c(1..m kes
Equivalently, Afx) =Y A2

YSZSXVY

In particular,
Af(L)=a%(y) wyel.

Similarly, the derivative of a bi-cooperative gameis obtained as follows.

Definition 14 (derivatives of bi-cooper ative games). Thefirst order derivative of
bi-cooperativegame v : 2 — R w.r.t. ({i},0) at (S1,S) € 2(N\{i}) (resp. (0,{i})
a (S, $) € 2(N), S 51)isgiven by

Aing (S1,S) = v(SIU{i},S) — (S, S)
(resp. Apyiy(S1,S) =v(S,S\{i}) - V(S,S) )
Thederivativeof v w.rt. (S,S) a (T1,T2) € 2(N\ 1), T2 2 S isdefined by
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A s)V(TLT2) = ) (—1)S\aHSALly (T UL, T2\ Ly).

L1ES
LS

4 Importance and interaction indices

The study of the notion of importance of each player has been one of the most im-
portant topics in cooperative game theory and been studied as values, or allocation
rules, or power indicesin agame[1, 6, 14, 26, 29].

Definition 15 (the Shapley value). The Shapley value ¢ V(i) w.r.t. any playeri € N
inagamev is defined by

(N[ [T =D T]!

¢V(i) = _ |N‘| A{i}V(T).
TCON\{i} '
Equivalently, we have that
. 1
0%(i) = X, FA"(T).
Tai | |

On the other hand, the study of the notion of interaction among playersis rela
tively recent in the framework of cooperative game theory. The first attempt is due
to Owen [23, §5] for superadditive games. More recent developments are due to
Murofushi and Soneda [21], Roubens [25], Marichal and Roubens [20], and Fuji-
moto et.al. [8] and led successively to the concepts of interaction index. The concept
of interaction index, which can be seen as an extension of the notion of value, isfun-
damental for it enables to measure the interaction phenomena modelled by a game
on aset of players.

4.1 Interaction indicesfor ordinary games

Grabisch and Roubens have proposed an axiomatic characterization of the interac-
tionindex 1 (v, S) [13, §3] as the unique index satisfying the following axioms?:

e Linearityaxiom (L) : | isalinear function with respect to itsfirst argument.
e Dummy player axiom (D) : If i € N isadummy player in agamev (i.e., v(SU
{i}) =v(S) VSC N), then
() 1(v{i}) = v({i}),
@) 1(v,Su{i})=0 VSCN\i, S#2.
e Symmetry axiom (S) : For any permutation z on N, and any v,
[(v,S) =1(nv,n(S)) VSCN,S#g2.

2 Lately, Fujimoto et.al. [8] have provided more intuitive axioms.
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e Recursiveaxiom(R) : For al finite N, [N| > 2, foral vonN,
19 =105, S\ (i} -1, S\ {j}), VSCN,§>2Vjes
WherevN\{J:} istherestrictionof vtoN\ {j} andvb'j\“}(S) =v(SU{jH—v({i})
VSC N\{j}.
e Efficiency (E) : Yien ! (v, {i}) = V(N).

Definition 16 (interaction indices). The interaction index w.r.t. SC N of v is de-

fined by = 3 (N[= T = ISDHTE 4 ey (6)
T 1&s  (N[=IS+ D! |
Equivalently, 1

Thisindex is an extension of the Shapley value in the sense that | (v, {i}) coincides
with the Shapley value ¢ V(i) of any player i.

4.2 Interaction indices for gameson product lattices

From now on, we discuss on a specific type of game on lattice, where the latticeis
aproduct of distributive lattices. Let N := {1,...,n} and L :=Lj x --- X L, where
L1,...,Ln arefinite distributive lattices. Then, IL is also a distributive lattice and all
join-irreducible elements of L are of the form (L4,...,Li_1, ji,Lit1,...,Ln) for
somei € N and some j; € J(L;). A vertex of L is any element whose componentsare
either top or bottom. Vertices of IL will bedenotedby T v, Y C N, whose coordinates
are Ty if keY, L otherwise. Each lattice L; represents the poset of action, choice,
participation level of playeri € N to the game.

Definition 17 (antecessors). The antecessor x of x € L is defined as
x=\/{ienX®|jign (¥}
with convention L. = 1.

Definition 18 (interaction indices on product Iatticm[la). Let f beagameona
product lattice L, x € L, and X := {i € N | x; # Lj}. The interaction index w.r.t. X
of f isdefined by

1 (x) = D OfmAxf(XV Ty), )
YCN\X
: I(n—i—k)!
Whereag = H,fma}l j=0,...,nandk=0,...,n— j. Equivalently,
fx:= 3 ;Af(z) (8)
k(z) —k(x)+1 ’

ze[x,xt]

wherext := T if x; = Ljandx* :=x if X # Lj,and k(y) = [{i e N | yi # Li}|.
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Each interaction index of ordinary games, bi-cooperative games, and multi-
choice gamesis obtained as a specia case of this interaction index.

Definition 19 (interaction indices of bi-cooper ativegames). Theinteraction index
1Y(S1,S) wrt. (S1,S) € 2(N) of abi-cooperative game v is defined by

> (N[ = [StUS| = [T])! [T]!
TentEus) (NI [SIUS[+1)!

1V(S1,S) = A5 (TN (TUS)).

5 Concluding remarks

This paper gave a survey of representations of importance and interaction of fuzzy
measures and adjacent fields. However, this survey shows only indices based on
the Shapley values on products of distributive lattices. Some indices based on other
values and the Shapley values on non-distributive lattices can be seenin 8, 9].

6 Appendix

6.1 Another interaction index of bi-cooperative games

A probabilistic interpretation of the Shapley value in the framework of aggregation
by the Choquet integral Cy w.r.t. v is due to Marichal [19]. Given a vector x € R NI
andac R, we denote by (x | x; = a) the vector of RINI that differ from x only in its
i-th component which is equal to a. Furthermore, let

GCy(X) :i=Cy(x | x =1)—Cy(x| X =0).
Marichal [19] then showed that

[ 8Cx) dx= (). 9)
J0,]INI

Kojadinovic [17] has proposed another interaction index of a bi-cooperative
game as a generaization of the equation (9) through the Choquet integral w.r.t.
bi-capacities and the recursive axiom (R).

Definition 20 (Kojadinovic's interaction indices of bi-cooperative games). Ko-
jadinovic'sinteraction index .7 ¥ (S, ) w.rt. (S1,S) € 2(N) of a bi-cooperative
game v on N is defined by

L AN =[S [T+
2T (IN[= 18+ 1)

IV(S,S) = Y
(T, T2)e2(N\(S1US))

whereT :=T1UT, and S:= S US,.

A5 (T, T2US),
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6.2 Importanceindices of games on regular set systems

Honda and Fujimoto [15] have proposed another importance index of a game on a
regular set system as a generalization of importance indices of all ordinary games,
games on convex geometries, bi-cooperative games, and multi-choice games.

Definition 21 (regular set systems). Let 91 C 2N and A B € 91. We say that A is
covered by B if A C B and that thereis no C € O such that A C C C B. Then we
denote A < B. We say that 9t isaregular set systemif the following conditions hold:
(i) O,NeMm,
(i) ABeM,A<B = |B\A=1

Definition 22 (games on regular set systems). A gameon aregular set system Ot
isafunctionv: 9 — R such that v(0) = 0.

Definition 23 (maximal chains of regular set systems). Let 9t C 2N be aregular
set system. If € = (Co, ..., Cn) satisfies that {Ci}icqo,..ny SN and0=Co < Cy <
.-+ < Ch=N, then ¥ iscaled amaximal chain of 9t. The set of all maximal chains
of 91 is denoted by M(91).

Definition 24 (importanceindices on regular set systems). The importance index
PV(i) w.rt.i € N of agamev on aregular set system 91 is defined by

1

(i) = Wﬁ%mﬁf U{i) —vCE)], (10

where Cf‘ isthe component Cy of ¢ suchthat i ¢ Cy andi € Cy. 3.

Let(L,<,V,A,T,1)beadistributivelattice. Then (L, <,V,A, T, 1) = (n(L),C
,U,N,J(L), D) with lattice-isomorphism i [3].

Definition 25 (set systemsinduced by lattices). Let (L, <) beadistributivelattice.
Then (J(L),n(L)) iscalled the set system induced by (L, <).

Asdiscussed in section 2.1, al ordinary games, bi-cooperative games, and multi-
choice games are regarded as games on lattices. All the set systems induced by
these | attices become regular. Therefore, we have another importance index of these
games via lattice-isomorphism 1

1

IT({ip)=#""(n() viedL).
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Abstract— This paper provides a new value (solution concept or
allocation rule) of cooperative games via posets induced by graphs.
Several values in a graph-restricted communication situation have
been proposed or introduced by Myerson, Borm, and Hamiache...
However, these values have been subjected to some criticismsin cer-
tain types of games. The value proposed in this paper withstands
these criticisms. Moreover, these existing values have been defined
only in situations represented by undirected graphs, while the notion
of the value proposed in this paper can be extended to situations rep-
resented by directed graphs.

Keywords— graph-restricted situations, communication situa-
tions, values, posets, cooperative games.

1 Introduction and Preliminaries

Throughout the paper, N denotes the universal set of n ele-
ments. For convenience, we often number the elements such
that the universal setis N = {1, 2, ..., n}. A real-valued func-
tion v : 2N — R with v(0) = 0 is called a game. A monotone
game (i.e., V(A) < v(B) whenever A € B C N) is called a ca-
pacity or a fuzzy measure. We often call the pair (N, v), rather
than v, a game or a capacity. The set of all games on N is de-
noted by GN. A real vector-valued function ® : gN — RN s
called a value. In cooperative game theory, N is considered to
be the set of all players. For every subset S of N, often called a
coalition, v(S) represents the (transferable) utility/profits that
players in S can obtain if they decide to cooperate. For every
game (N, V), the value ®(N, V) represents an allocation rule,
which provides an assessment of the benefits for each player
from participating in a game v. For the sake of simplicity, we
mainly discuss games in terms of various set functions (e.g.,
games, capacities, fuzzy measures, and so forth.) on N.

To avoid cumbersome notations, we often omit braces for
singletons, e.g., by writing v(i), U \ i instead of v({i}), U \ {i}.
Similarly, for pairs, we write ij instead of {i, j}. Furthermore,
cardinalities of subsets S, T, . . ., are often denoted by the cor-
responding lower case letters s,t,..., otherwise by the stan-
dard notation |S|, [T|,...

1.1 Gamesand capacities with graph restricted situations

In ordinary cooperative game theory it is implicitly assumed
that all coalitions of N can be formed; however, this is gener-
ally not the case. For players to coordinate their actions, they
must be able to communicate. The bilateral communication
channels between players in N are described by a communica-
tion network. Such a network can be represented by an undi-
rected graph (N, L), which has the set of players as its hodes
S ¢ N and in which the players are connected by the set of

linksL C {ij|i,j € N,i # j}; i.e., playersi and j can commu-
nicate (directly) with each other if ij € L. This paper will deals
with only situations induced by communication networks de-
scribed by undirected graphs. Many other approaches to the
situations can be seen via the literatures [1, 2].

Definition 1.1 (communication situation)

The triple (N, v, L), which reflects a situation consisting of a
game v on N and a communication network (N, L), is called
a communication situation. We denote the set consisting of
all communication situations on N by CSN. For a coalition
T C N, the restriction of (N, L) to T is denoted by (T, L(T))
and defined by L(T) :={ijeL|ijCc T}

Definition 1.2 (feasible coalition) We say that players j and
k are connected in S C N if j = k or there exists a subset
{ig, -+ ,im} € Ssuchthat j = i;, k = im, and {ig,i41} € L
forallt € {1,---,m—1}. Then we denote j ~s k. Clearly,
this relation ~g is an equivalence relation. Hence, the notion
of connectedness in S induces a partition S/L := S/ ~s of S.
A coalition S C N is said to be feasible in the communica-
tion network (N, L) if any two players, j € Sand k € S, are
connected in S (i.e., S/L = {S})).

Example 1.1

Consider the communication situation (N, v, L;) with N; =
{1,2,3,4,5,6,7} and Ly = {12,15,26,37,47,56} (Fig.1).
Then, all the players in {1, 2, 6} can communicate with other;

1 2 3 4

5 6 7
Figure 1: Communication network(N, L1).

i.e., the coalition {1, 2,6} is feasible. Hence, they can fully
coordinate their actions and obtain the value v({1, 2,6}). On
the other hand, in the coalition {1, 2, 3,4}, players 1 and 2
can communicate with each other, but players 3 and 4 can-
not communicate with any other players in {1, 2, 3,4}. Thus,
feasible subcoalitions of {1,2,3,4} are {1,2}, {3}, and {4}
(i.e., forming the coalition {1, 2, 3,4} is unfeasible). Hence,
the value attainable by the players in {1, 2, 3,4} should be
V({1, 2}) +v({3}) +Vv({4}). In general, the value attainable by the
players in S € N under a communication situation (N, v, L) is

represented by
Z v(T).
TeS/L

(1)



Definition 1.3 (networ k-restricted game[3]) The network-
restricted game (N, v*) associated with (N, v, L) is defined as

V(S):= > W(T) foreachScN. )

TeS/L

Note that if (N, L) is the complete graph (i.e., L = {ij|i,] €
N,i # j}), the network-restricted game v* is equal to the orig-
inal game v.

The network-restricted game evaluates the possible gains
from cooperation in a communication situation from the view-
point of the players. The next example focuses on the impor-
tance of communication channels and links in a communica-
tion situation.

Example 1.2 In the communication situation L, depicted in
Fig.1, the value obtainable by the players in the grand coali-
tion N is

VE(N) = v({1,2,5,6}) + V({3,4, 7)), (3)

since N/Ly = {{1,2,5,6},{3,4,7}}. If for some reason
the communication link between players 4 and 7 is lost,
the communication network L; becomes the new commu-
nication network L, = {12,15,26,37,56}. Then, N/L, =
{{1,2,5, 6}, {4}, {3, 7}} and the value obtainable by the players
in the grand coalition N becomes

V2(N) = ({1, 2,5, 6}) + V({4}) + V({3, 7). (@)

Then,
VHE(N) — V2(N) 5)

can be interpreted as a type of marginal contribution of the
link {4, 7} € L, to the communication network L.

Definition 1.4 (link game[4]) The link game (L, y") associ-
ated with (N, v, L) consisting of a zero-normalized game v is a
game on L defined by

Y(M):=wW(N)= > W(T) forexchMcL.
TeN/M

(6)

Note that, for an ordinary game v, " is not a game on L since
Y'(0) = Zrenjo UT) = Zien V({i}) # 0.

The link game V(M) represents the worth of the communi-
cation network M C L as the worth of the grand coalition in
the communication situation (N, v, M) through the network-
restricted game vM.

Definition 1.5 (M dbius Transform [5]) The Mobius trans-
formof a game v : 2N — R (resp. y : 2% — R) is a game
on N (resp. L) denoted by AV : 2N — R (resp. A” : 2- — R)
and is defined by

A(S) = Y \(-1)°T(T) foreachSe2".  (7)
TcS
(resp. A7 (M) := Z(—l)‘M\K‘y(K) for each M € 24). (8)
KcM

Equivalently, we have that

V(S) = Z AYT) vSe2N.
TCcS

(resp. y(M) = Z A'(K) VM e2Y).
KcM

©)

(10)

Thus, the worth v(S) (resp. y(M)) of a coalition S (resp. com-
munication network M) is equal to the sum of the Mdbius
transform of all its subcoalitions (subnetworks). This gives
a recursive definition of the Mdbius transform. The Mdobius
transform of every singleton is equal to its worth, while recur-
sively, the Mdbius transform of every coalition (resp. com-
munication network) of at least two players (resp. links) is
equal to its worth minus the sum of the Mobius transform
of all its proper subcoalitions (resp. subnetworks). In this
sense, the Mdbius transform of a coalition S (resp. commu-
nication network M) can be interpreted as the extra contribu-
tion of the cooperation/synergy among the players in S (resp.
links in M) that they did not already achieve by smaller coali-
tions (resp. networks). In fact, in the context of interaction
indices (e.g.,[6, 7]), the Mdbius transform AY(S) is called the
internal interaction index of S, which represents the magni-
tude of a type of interaction among the elements in S. The
Maobius transform is also occasionally called the Harsanyi
dividends[8].

Definition 1.6 (unanimity game) The unanimity game for a
non-empty coalition T C N is denoted by urt and defined by

1 ifSoT
S) = = 11
ur(S) {O otherwise. (1)
For any game v : 2N — R, v can be represented as
VS)= > AY(T)-ur(S) vS(#0)e2. (12)

T(#0)e2N

2 Valuesfor communication situations

In this section, we briefly introduce the Shapley value for ordi-
nary cooperative games and three existing values for commu-
nication situations that appear in the literatures [3, 4, 9], the
Myerson value, the position value, and the Hamiache value.

Definition 2.1 (the Shapley value[10]) The Shapley value
® : gN — RN fora game (N, V) € GV is defined by

®i(N,V) := Z %' AY(T) foreachieN.
Tai

(13)

Definition 2.2 (the Myerson value[3]) The Myerson value
¥ : CSN — RN for a communication situation (N,v,L) €
CSN is defined by

P(N,v, L) := ®(N,V}). (14)

The Myerson value is the allocation rule that assigns to
every communication situation (N, v, L) the Shapley value of
the network-restricted game (N, v'). Note that W(N,v,L) =
®(N, V) if (N, L) is the complete graph.

Definition 2.3 (position value[4]) The position value n
CsSN — RN for a communication situation (N,v, L) € CSN is
defined by
- 1 V H
m(N.v.L) = 5 D (L") foreachie N, (15)

leL
I>i



The Shapley value @(L,y") of a link | € L, which is in-
duced via (13) for the link game (L, y"), can be interpreted
as a type of expected marginal contribution of the link | to
all communication networks containing |. Then, the value is
divided equally between the two players at the ends of the con-
sidered link | € L. The position value of a given player i € N
is obtained as the sum of all these shares.

We focus to a third value for communication situations, in-
troduced by Hamiache [9]. Given a communication situation
(N,v,L) and S C N, we denote by S* the set of all nodes of
the communication network (N, L) that are adjacent to at least
one of the nodes of S,

S*:={ieN|3jeSsuchthatijeL}. (16)
Definition 2.4 (associated game[9]) For a value ¢ on CSN
(ie., ¢ : CSN — RN the associated game v;, of v with
respect to ¢ is defined for S C N, by

v(S)+
D (48T Vs, LST) - (i) ifIS/LI =1,
Vy(S) = jes'\s
Z vy (T) otherwise,
TeS/L
(17)

where S*J := S U {j} and v|g.; is the restriction of vto S*i.

Hamiache [9] claims that there is a unique value ¢, the so-
called Hamiache value, for communication situations satisfy-
ing the following five properties, component-gfficiency, linear-
ity w.r.t. games, independence of irrelevant players, positivity,
and associated consistency:

Component-efficiency :
Forany (N,v,L)and any S € N/L,

D NV, L) = (S). (18)
ieS
Linearity w.r.t. games:
Forany a,8 € Rand (N, v, L), (N,w, L) € CSN,
(N, av+ W, L) = ad(N, v, L) + Bo(N,w,L).  (19)

Independence of irrelevant players:
For any (N, L) and for any two feasible coalitions RC T,

$i(N,Ur, L) = ¢i(T, U, L(T)) VieT. (20)
Positivity :
For any feasible coalition T C N,
#i(T,ur,L(T)) >0 VieT. (21)
Associated consistency:
Forany (N, v, L) € CSN,
BNV, L) = (N, v, L). (22)

Note that ¢(N, v, L) = ®(N, V) if (N, L) is the complete graph.

3 Posetsinduced by communication networks

3.1 Communication networks and posets

In this subsection, we consider and introduce a subposet of
B(n) := (2N, ©) induced by a communication network (N, L).

For a communication network (N, L), the set of all fea-
sible coalitions in (N, L) is denoted by P(N, L). i.e.,

P(N,L) := {SC N||S/L| = 1}. (23)

The set P(N, L), together with set inclusion C as an
order on P(N, L), is called the poset induced by the
communication network (N, L).
Example3.1 Let N = {1,2,3}, Ly = {12,13,23}, Lp =
{13,23}, and L, = {12}. Then the posets induced by com-
munication networks (N, L3), (N, Lp), and (N, L), as shown in
(@) - (c) in Fig. 2, are represented as shown in (a) — (c) in Fig.
3, respectively.

3 3 3
Ay ./.\' )
o o
1 21 2 1 2

(c)
{1,2,3}.

123l

Figure 2: Communication networks on N =
1 2 3}
{1 )
{1, 2}
<2} {2}
(h)

Flgure 3: Posets corresponding to networks in Flg. 2.

Definition 3.1 (M dbius transform on posets)

Let P := (N, <) be a poset. For a functionv : P — R, the
Mobius transform AV of v is a function on P satisfying the
following equation:

V(X) = Z A'ly) VxeP

y<x

(24)

Definition 3.2 (representation functions)
The representation function of a communication situation
(N, v, L) is a function v" on the poset P(N, L) defined by

VP(S) = w(S) foreach S e P(N,L). (25)

Then, the Mabius transform AY of VP is represented as
AY(S):= Y (-1)SV(T) vSeP(NL).  (26)

TeP(N,L)
TCS
Conversely,
V(S):i= > AY(T) vSeP(NL). @7
Te_ll?(l\é,L)

Definition 3.3 (poset representation) The poset representa-
tion of a communication situation (N,v,L) is the pair
(P(N, L), A"P) of the poset induced by (N, v, L) and the Mobius
transform A of representation function vP of (N, v, L).



4 A new valuein communication situations

In this section, we introduce a new value for communication
situations.

4.1 Aninterpretation of the Shapley value

Now, we consider the case N = {1,2}; the Shapley value
@1 (N, V) of player 1 in a game v is obtained, from (13), as

QN = TA(D) + ZAL2). (29
This can be interpreted as an allocation rule of Harsanyi divi-
dends (i.e., the Mdbius transform) described as follows:

Allocation rule of Har sanyi dividends : We consider
a process to form the coalition {1, 2}. Then, there are
two shortest paths from 0 to {1, 2} in Fig. 2. One is
the path 0 — {1} — {1,2}; another is the path ¢ —
{2} — {1,2}. The path ® — {1} — {1, 2} can be inter-
preted as follows: Player 1 makes an offer to player
2 for forming the coalition {1,2}. Player 2 accepts
the offer and adds to the coalition {1} to form the new
coalition {1, 2}. Among these two paths, the only path
that passes through {1} is @ — {1} — {1,2}. That is,
the number of paths from 0 to {1,2} is 2, while of
the nupk;?hr of paths via {1} is 1. Then player 1 ob-
p

tains 7 paths of the amount of the Harsanyi dividend

AY({1,2)) (i.e., 1AY({1,2})). In the same way, player 1
obtains 1AY({1}) and 2AY({2}). The Shapley value of
player 1 is obtained as the sum of all these shares.

{1, 2}
{1}

0}
Figure 4: The Boolean lattice B(2) on N = {1, 2}.

This allocation rule can be extended to the case N = {1, 2, 3}
(Fig. 5).

{1,2,3)

{2}
{1}

¢

{2,3}

Figure 5: The Boolean lattice on N = {1, 2, 3}.

Indeed,

1 \ 1 \ l \"
1 A'({1) + > A'({1,2}) + > AY({1,3})

0 ., 2
+ 5 A2,8) + 5 A((1,2,3)).

q)l(N’ V) =
(29)

For instance, there are six shortest paths from 0 to {1, 2, 3}.
Among them, two paths pass through {1}, as shown in Fig. 6.

{1, 2}
{1}
/ <{1, 3)
(2, 1)
¢—{2}<1

\ (2,3}
3,1
@< }

{3, 2}

{1,2,3}

Figure 6: Shortest paths from 0 to {1, 2, 3}.

4.2 Aninterpretation of the Myerson value

The Myerson value of (N, v, L) is the Shapley value of the
network-restricted game (v, N). That is, the Myerson value
is obtained by applying the above allocation rule to Harsanyi
dividends {AY"} of v-. Then AV is given as follows:

Proposition 4.1 Let (N, v, L) € CSN be a communication sit-
uation and (B(n), AY") the poset representation of the network-
restricted game (N, v-) associated with (N, v, L). Then,

AY(S) ifSeP(N,L),

A" (S) = (30)

0 otherwise.

4.3 Criticisms of existing values

Each of the existing values for communication situations, the
Myerson value, the position value, and the Hamiache value,
has been subject to criticisms, as follows.

The Myerson value:

Pi(N, us, L) = ¥i(N, us, M) = é VieN (31)

|
whenever S is a feasible coalition in both (N, L) and
(N, M). For example, consider the communication
situation with L = {ij € N|j € N\i} (ie, L
is a star with a central player i); then every player
receives the same value (see Example ¥(N, v, L) in
Example 5.3).

The position value :

Irrelevant null players often have positive values
(see Example 5.2), where a null player i € N of the
game (N, V) is a player satisfying v(Sui) = v(S) for
any S ¢ N.

The Hamiachevalue:

It is very complex to compute the Hamiache value.
Not only that, associated consistency is rather tech-
nical.



4.4 A new valuein communication situations

In this section, we propose a new value for communication
situations that withstands all these criticisms.

Definition 4.1 (chain, saturated chain) A chain (oratotally
ordered set or linear ordered set) is a poset in which any two
elements are comparative. That is, a subset C of P(N, L) is
called a chain if S € TorT ¢ Sforany ST € C. The
chain C of P(N, L) is saturated (or unrefinable) if there does
not exist W € P(N,L) \ C such that S ¢ W ¢ T for some
S, T € C and that C U W is a chain.

Definition 4.2 (shortest path) For two feasible coalitions S,
T € P(N, L), a saturated chain ¥ of P(N, L) is called a shortest
pathfromSto Tif ST ePandSCWC T forany W € P.
Then, we denote the set of all shortest paths from S to T by
{S—> T}

In the following, we propose a new value in communica-
tion situations, based on the interpretation of the Shapley value
mentioned in Subsection 4.1.

Definition 4.3 We now propose a new value o-(N,v, L) of a
communication situation (N, v, L), as follows.

oi(N,v, L) = Z ||{| — Sl A"P(S) foreachi e N.

sehmy 10 — SH
(32)

The number [{) — S}| of all shortest paths from @ to S indi-
cates the number of all processes in which the feasible coali-
tion S is formed. Also, |[{i — S}| indicates the number of all
processes in which the feasible coalition S is formed by the

L . . . |{{i—> S}
initiator i € N. Then, the player i € N obtains
play 10> S)

the amount of AV (S) if AY'(S) is allocated in proportion to
the frequency with which the player i initiates the formation
of the feasible coalition S. The value proposed here of a given
playeri € N is obtained as the sum of all these shares.

Now we show an example that supports the naturalness of
the definition of this value.

Example4.1 We consider the communication situation
(N,v, L) with N = {1,2,3}, L = {13,23}, and AY'(S) > 0 for
any S € P(N, L). The value oi(N, v, L) proposed here of player
i € N is represented as the values of the ammeters A; in the
electric circuit with current sources Is = AVP(S), as shown in
Fig.7.

Figure 7: Electric circuit representing (N, v, L).

Property 1 The value o proposed here satisfies component-
gfficiency, linearity w.r.t. games, independence of irrelevant
players, and positivity.

Property 2 Let (N, un, L) be acommunication situation with
L:={cjljeN\c},ceN. Then,

1 e
> ifi =c,

ai(N,un, L) = herwi (33)
m otherwise.

That is, if the communication network (N, L) is a star-graph
with central player ¢ € N, in the unanimity game uy, the cen-
tral player obtains a half of the total amount of uy(N) = 1 and
the rest of the amount are shared out equally among the other
players (see Ly, Le in example 5.3).

However, we have not found any axiomatic characterization
of the value proposed in this paper yet.

5 Comparison of existing values

In this section, we compare the existing four values (the Shap-
ley, Myerson, position, and Hamiache values) and the value
proposed in this paper. Examples 5.1 and 5.2 not only com-
pare them but also illustrate the criticisms against the Shapley,
Myerson, and position values, respectively.

Example 5.1 Consider the communication situation (N, v, L)
with N = {1, 2,3}, L = {13, 23} ((b) in Fig. 2), and

0 if|S|<1
v(S) =430 if|S|=2 (34)
36 ifS=N.

Then,
®(N,v) = (12,12,12), ¥P(N,v,L) =(7,7,22),
x(N,v,L) =(9,9,18), ¢(N,v,L)=(9,9,18),
o(N,v,L) = (9,9, 18).

Example 5.2 Consider the communication situation (N, v, L)
with N = {1,2,3}, L = {12, 13,23} (L4 in Fig. 8), and

“S) = {12 ifS2{1,2)

) (35)
0  otherwise.

Then,
®O(N,v) = (6,6,0), Y(N,v,L)=(6,6,0),

a(N,v,L) = (5,5,2), (N, v,L) = (6,6,0),
(N, v, L) = (6,6,0).

Example 5.3 Consider communication situations (N, uy;, L)
with 2 < IN] < 4, IN/L|] = 1 (i.e., (N,L) is connected).
Fig.8 shows all connected graphs (up to isomorphism) with
2 < n < 4 nodes. Then, for any such communication situa-
tions (N, un;, L),

YieN.

1
®i(N,un, L) = ¥i(N, un, L) = N (36)

|
Table 1 shows comparisons of the remaining values (i.e., the
position value 7, the Hamiache value ¢, and the value o pro-
posed in this paper), and illustrates that the value o- does not
always coincide with the Hamiache value ¢.
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Figure 8: Graphs with at most four nodes.
Table 1: Comparison of existing values.
T [0) o
La (%, %) (%9 %) (%, %)
Lp (l 1 l) (l 1 l) (l 1 l)
2:2:2 4:2:1 222
Lc (%,2,2 1 (%,3,3 L (%,3,3 %
626266 8,828’8 8:8:8°8
Ly (l 1 l) (l 1 l) (l 1 l)
3:3:3 3:3:3 3:3:3
L (%, 4,13 (%, 4,13 (%, %,%3)
e 3675661 6°6°6°6 ;675664
Lt (5, ?, ?’ ) (0172.01900190.0448) (17, 17 F, 1)
L (3,115 (3,111 (3,121
g %a4a41‘941‘ %941‘94,4 %a4a4,41‘
Lh (Z, l, 4> Z) (Z9 4 %, %) (Z, %, l, Z)
Loty 3V sy 2V
i 60° 50 60° 60 14° 14> 14> T 10° 10° 10° 10
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