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1 はじめに

協力ゲーム (TUゲーム)における提携のあり方に対して，主要な 2つの批判がある．

(I) (無意味な提携) プレイヤー間のあらゆる提携が実現可能であることを仮定している．しか

しながら，このようなケースは一般的とは言えない．提携を実現するためには，提携内のメン

バーが互いに，コミュニケーションチャンネルを持つ必要がある．また，たとえコミュニケー

ションチャンネルを持っていたとしても，空間的制約，立場やイデオロギーなど様々な要因か

ら実現不能な提携も存在する．例えば，プレイヤーが政党である場合，右翼政党と左翼政党の

提携は通常考えられない.

(II) (白黒はっきりするとは限らない) プレイヤーは，提携に参加するか否かの二者択一を強

いられる．しかしながら，もう少し緩やかな参加形態も考えられる．実際，投票行動では，賛

成，反対に加え第 3の選択肢「棄権」が存在する．

これらの批判に対応すべく，通常の協力ゲームを拡張・一般化する形で様々なゲームとそのゲームにおけ

る解概念が提案されてきている．たとえば，(I)の批判に対して，Myerson [18]は，プレイヤー間相互のコ
ミュニケーション構造を無向グラフで表現し，提携をこのグラフネットワークによって実現可能なもののみ

に制限したコミュニケーションゲーム (communication game, network-restricted game) とその解 (いわゆ
るマイヤーソン値)を提案した．(II)の批判に対しては，Hsiaoと Raghavan [12]は, 提携に対する多段階の
参加レベルを考慮した多選択肢ゲーム (multichoice game)をMachoverと Felsenthal [7]は賛成・反対・棄
権の 3択投票ゲーム (ternary voting game)を提案した．その後，Faigleと Kern [6]は，(I)の批判に対し
て，プレイヤー間の階層・順序関係を考慮した新たなゲーム構造と解概念を提案した．このゲームの構造は

多選択肢ゲームの拡張概念にもなっている．一方，Bilbao [2]らは，Myersonのコミュニケーション構造を
より一般化した数学的構造上 (union stable set, convex geometry, matroid,...)でのゲームとその解概念を
提案した．

現在では，Myerson [18]に端を発するコミュニケーションゲームの文脈における様々な解概念の研究 (e.g.,
ポジション値 [3]，Hamiache値 [11]など) と FagleとKern [6]による階層・順序構造を考慮したゲームに端
を発する様々な組合せ構造上のゲームの研究 (e.g., games on union stable systems [1], on convex geometries
[2], 3択投票ゲーム [7], 双容量 [9]など) が２つの代表的な研究の方向となっている．
以下，本稿を通して，N を空でない有限な n要素集合とし，N = {1, . . . , n}と要素をナンバリングして

表す．また，∅ ∈ F なる F ⊆ 2N を N 上の集合系 (set system)と呼ぶ．また，特に混乱が生じる恐れがな
い場合，表記の複雑さを避けるため，集合を表す記号 { }, { , }を省略し，{i}や {i, j}の代わりに，iや ij

の記法を用いることがある．
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2 組合せ構造上へのゲームの拡張

2.1 コミュニケーションネットワークに基づく種々のゲーム
定義 1 (提携型ゲーム) プレイヤー全体の集合をNとし，その部分集合S ⊆ N を提携と呼ぶ．また，v(∅) = 0
なる関数 v : 2N → Rを N 上の特性関数と呼び，これらからなる (N, v)を提携型ゲームと呼ぶ．また，単
に vを N 上のゲームと呼ぶこともある．また，特別なゲームとして

uT (S) =

⎧⎨
⎩

1 if S ⊇ T ,

0 otherwise

を T ⊆ N における unanimity gameと呼ぶ．

定義 2 (連絡網・連絡状況) (N, v)を提携型ゲームとするとき，N を節点の集合とする無向グラフ (N, L)
をN の連絡網 (communication network)と呼ぶ．ただし，L ⊆ {ij ⊆ N | i �= j}とする．また，(N, L)の
T ⊆ N への制限を (T, L(T ))と記し，

L(T ) := {ij ∈ L | ij ⊆ T }

と定義する．また，(N, vN , L)を連絡状況 (communication situation)と呼び，N 上の連絡状況全体をCSN

と記す．

定義 3 (連絡可能性・提携の実現可能性) 連絡網 (N, L)において，プレイヤー j ∈ S と k ∈ S が S におい

て連絡可能であるとは，

j = k または

∃{i1, · · · , im} ⊆ S s.t. j = i1, k = im, {it, it+1} ∈ L ∀t ∈ {1, · · · , m − 1}

を満すことをいい，j ∼S kと書く．この Lより導かれる同値関係∼S は，S の分割 S/L := S/ ∼S を導く．

また，任意の j, k ∈ S が S において連絡可能 (つまり，(S, L(S))が連結グラフ)であるとき提携 S は実現

可能であるという．

例 4 N = {1, 2, 3, 4, 5, 6, 7}, L1 = {12, 15, 26, 37, 47, 56}からなる連絡網 (N, L1)を考える (図 1)．

図 1: 連絡網 (N1, L1)

また，v(S)を提携 S によって実現可能な最大利得とする. この場合，メンバー {1, 2, 6}は互いに連絡可能
であり，提携 {1, 2, 6}が実現可能となる．よって，v({1, 2, 6})を獲得することができる．一方で，メンバー
{1, 2, 3, 4}では，1と 2は連絡可能であるが，3と 4 はいずれも，他のどのメンバーとも連絡可能ではない.
よって，このメンバーで実現可能な提携は {1, 2}, {3}, {4}であり，メンバーとして獲得できる最大利得は
v({1, 2}) + v({3}) + v({4})となる．つまり，一般に，メンバー S によって獲得可能な最大利得は∑

T∈S/L

v(T )

ということになる．
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定義 5 (連絡網制限ゲーム [18]) 連絡状況 (N, v, L)における連絡網制限ゲーム (network restricted game)
とは，以下の特性関数

vL(S) :=
∑

T∈S/L

v(T ) for each S ⊆ N

を持つゲーム (N, vL)として定義される．

あるコミュニケーション構造において実行可能な２つの提携 S と T があり，これらの提携に共通なプレ

イヤーが存在した場合 (i.e., S ∩ T �= ∅)，この共通したプレイヤーを仲介者として，これらの提携の合併
S ∪ T のプレイヤーらは互いにコミュニケーションをとることができる．つまり，S ∪ T もまた実現可能と

なる．これを基に，Bilbao[2]らは，合併安定系 (union stable system)を定義した．　

定義 6 (合併安定系) 集合系 U ⊆ 2N が以下の条件を満たすとき，U は，合併安定系 (union stable system)
と呼ばれる：

S, T ∈ U , S ∩ T �= ∅ ⇒ S ∪ T ∈ U .

定義 7 (U-成分) U ⊆ 2N を合併安定系とし，S ⊆ N とする．T ⊆ S が以下の条件を満たすとき，T を S

の U-成分であるという．

(i) T ∈ U and (ii) ¬∃U ∈ U s.t. T � U ⊆ S.

また，S の U-成分全体の集合を CU (S)で記す．

定義 8 (U-制限ゲーム) (N, v)を通常の提携型ゲーム，U を合併安定系とする．このとき，U-制限ゲーム

(U-restricted game) とは，以下の特性関数

vU (S) :=
∑

T∈CU (S)

v(T ) for each S ⊆ N

を持つゲーム (N, vU )として定義される．

ここで，連絡網 (N, L)における

F := {S ⊆ N | S :実現可能 }

は，合併安定系であり，すべての S ⊆ N に対して，CF(S)は S/Lに一致する．よって，vF と vL も一致

する．

例 4では，与えられた連絡状況において，それぞれのプレイヤーの集合が制限されたコミュニケーション
環境の下で，どれだけの利得を得ることが可能かについて見てきた．次は，コミュニケーション構造が変化

した際，全体で得ることができる最大利得がどのように変化するのかについて考える．

例 9 図 1の連絡状況の下で，メンバー全体として {1, 2, 5, 6}と {3, 4, 7}の提携が実現できるので

vL1(N) = v({1, 2, 5, 6}) + v({3, 4, 7})

の利得が獲得可能である．一方で，何らかの理由で，プレイヤー 3と 7の間の連絡がとれなくなったとする
と，連絡網は L2 = {12, 15, 26, 47, 56}となり，全体 N での獲得利得は

vL2(N) = v({1, 2, 5, 6}) + v({3}) + v({4, 7})
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となる．一般に，コミュニケーション構造が (N, L)によって与えられるとき，メンバー全体で獲得可能な
最大利得は， ∑

T∈N/L

v(T )

となる．つまり，コミュニケーション構造を変数として (つまり，各プレイヤー間のリンク l ∈ L をプレイ

ヤーとして)，プレーヤー全体により獲得可能な利得によってゲームを表現する立場も考えられる．

定義 10 (リンクゲーム [3]) 連絡状況 (N, v, L)下におけるリンクゲーム (link game)とは，以下の特性関数

γv(M) := vM (N) =
∑

T∈N/M

v(T ) for each M ⊆ L

を持つゲーム (L, γv)として定義される．ただし，γv(∅) = 0とするため，(N, v)はゼロ正規化されている
必要がある．

以上の紹介したいずれのゲームも (N, L) が完全グラフであるとき，ベースとなっている提携型のゲーム
(N, v)に一致する．　

2.2 実現可能提携上に制限された種々のゲーム

前節では，コミュニケーションネットワークに基づく実現可能な提携を考え，これらの実現可能な提携を

基に，新たな提携型のゲームを構築した．一方で，特性関数の定義域を実行可能な提携全体とするゲームへ

の一般化もなされてきている．本節ではこれらの紹介を行う．

定義 11 (凸幾何集合系 [5]) 集合系L ⊆ 2N が以下の条件を満たすとき，Lは凸幾何集合系 (convex geom-
etry)とであるという：

(C1) : S, T ∈ L ⇒ S ∩ T ∈ L,

(C2) : S ∈ L, S �= N ⇒ ∃j ∈ N \ S s.t. S ∪ j ∈ L.

ここでは，全体提携N が実現可能である状況を想定している（逆に，直接，間接を問わず，コミュニケー

ションを取ることができる最大範囲をN と考えても良い)．実現可能提携 S,T において，コミュニケーショ
ンの仲介を行うグループS ∩ T はそれ自身実現可能であると考えることが自然であり (C1)，N のメンバー

全員が連絡を取り合うことができるのであれば，S � N のメンバーの誰かは，S の外部のメンバーの誰か

と連絡が取れなければならないと考えるのが自然である (C2)．
また，(N, L)が連結ブロックブラフであるとき，

F := {S ⊆ N | S :実現可能 }

は凸幾何集合系となる．

定義 12 (マトロイド [23]) 集合系M ⊆ 2N が以下の条件を満たすとき，Lはマトロイド (matroid)である
という：

(M1) : S ∈ M, T ⊆ S ⇒ T ∈ M,

(M2) : S, T ∈ M, |S| = |T | + 1 ⇒ ∃j ∈ S \ T s.t. T ∪ j ∈ M.
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ここでは，ある提携 S は，共通の興味 (interest)をもって構成されている．よってその部分提携 T ⊆ S

においても，同一の興味をもって構成されるはずであると考えている (M1)．

定義 13 (アンチマトロイド [23]) 集合系 A ⊆ 2N が以下の条件を満たすとき，A はアンチマトロイド
(antimatroid)であるという：

(A1) : {C ⊆ N | N \ C ∈ A} が 凸幾何集合系

定義 14 F を集合系とする．A � B なる A, B ∈ F に対して，A � C � B となるような C ∈ F が存在
しないとき，A は B に被覆 (cover)されている, あるいは B は A を被覆しているといい, A ≺ B または

B � A と書く.

定義 15 (正則集合系 [13]) 集合系Rが以下の条件を満たすとき，Rは正則 (regular)であるという：

(R1): N ∈ R,

(R2): S, T ∈ R, S ≺ T ⇒ |T \ S| = 1.

凸幾何集合系およびアンチマトロイドは，いずれも正則集合系である．

定義 16 (鎖・極大鎖) F を集合系とする．任意の S, T ∈ F が S ⊆ T または S ⊇ T を満たすとき, F を
鎖 (chain)と呼ぶ. F の部分集合, C ⊆ F が鎖であるとき, C を F の鎖と呼ぶ．N ∈ Nなる集合系 (鎖と
は限らない)Nの鎖 C = {C0, C1, . . . , Cm} が ∅ = C0 ≺ C1 ≺ · · · ≺ Cm = N を満たすとき，C を F の極
大鎖 (maximal chain)と呼ぶ. 例えば, N = 2N の極大鎖は n! 個存在し，それらの長さはすべて nである．

また，Nの極大鎖全体の集合をM(N) と書く．

また，以下の命題が直ちに導かれる．

命題 17 Nを N 上の集合系とする．このとき，任意の S ∈ Nに対して，ある極大鎖 C ⊆ N が存在して，

S ∈ C となる．

ここで，上の凸幾何集合系 L，マトロイドM，正則集合系 Rを比較する (図 2)．Lにおいては，任意の
実現可能提携 S ∈ Lに対して，S にプレイヤーを１人ずつ増やしながら全体提携N が構成できることを保

証している．また，Mにおいては，任意の実現可能提携 S ∈ Mに対して，どのようなプレイヤー i ∈ Sか

らも，プレイヤーを１人ずつ増やしながらS が構成できることを保証している．最後にRにおいては，任
意の実現可能提携 S ∈ Mに対して，あるプレイヤー i ∈ Sからプレイヤーを１人ずつ増やしながら S が構

成でき，さらに，S にプレイヤーを１人ずつ増やしながら全体提携N が構成できることを保証している．

φ φ φ

図 2: (a):凸幾何, 正則，(b):マトロイド，(c):正則
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定義 18 (集合系上のゲーム) F ⊆ 2N を集合系とする. このとき，S ∈ Fを実現可能な提携と呼び，v(∅) = 0
なる関数 v : F → Rを F 上の特性関数と呼ぶ．これらからなる (N, v,F)を集合系 F 上のゲームと呼ぶ．
ただし，特に混乱の生じる恐れがないときは，(N, v,F)と vを同一視し，vを F 上のゲームと呼ぶ．また，
F 上のすべてのゲームの集合を G(F) で表す．つまり，v ∈ G(2N ) は vが N 上の通常の提携型ゲームであ

ることを表す．　　

2.3 多選択肢を許容するにおけるゲームの構造

定義 19 (３選択肢投票ゲーム [7]) N をプレイヤー全体の集合とし，3N := {(F, A) | F, A ⊆ N, F ∩A = ∅}
とする．ここで，F は賛成投票者，Aは反対投票者, N \ F \ Aは棄権者を表す．ここで，以下の条件を満

たす関数 v : 3N → {−1, 1} と N からなる (N, v)を３選択肢投票ゲーム (ternary voting game) と呼ぶ．

(T1) : v(N, ∅) = 1,

(T2) : v(∅, N) = −1,

(T3) : F1 ⊆ F2 ⊆ N , N ⊇ A1 ⊇ A2 ⇒ v(F1, A1) ≤ v(F2, A2).

また，(T1),(T2)および b(∅, ∅) = 0を満たす b : 3N → [−1, 1]は bi-cooperative game [?]と呼ばれ，(T3)
を満たす bi-cooperative gameは双容量 (bi-capacity)と呼ばれる [9]．

定義 20 (多選択肢ゲーム [12]) プレイヤー全体の集合を N とする．Li = {0, 1, . . . , li}を，それぞれのプ
レイヤー i ∈ N の実現可能な (多選択肢ゲームへの)参加レベルの集合とし，L = L1 × · · · ,×Ln とする．

また，s = (s1, . . . , sn) ∈ L を (多選択肢ゲームへの)参加プロファイルまたは多選択肢提携と呼ぶ．このと
き，l = {l1, . . . , ln}は，最大参加レベルプロファイルと呼ばれ，通常の協力ゲームにおける全体提携に対
応する．逆に，0 = (0, . . . , 0)は空提携に対応する．ここで，v(0) = 0を満たす関数 v : L → Rを L上の特

性関数と呼び，(N, L, v)を多選択肢ゲーム (multichoice game)と呼ぶ．特に混乱の生じる恐れがない場合，
単に vを (N, L)上の多選択肢ゲームと呼ぶ．

通常のゲーム (N, v)は，全てのプレイヤー i ∈ N が参加レベルの集合として Li = {0, 1}を持つ多選択肢
ゲームとみなすことができる．多選択肢ゲーム (N, v, L)の形式を用いて次のような状況を表現することが
できる．

例 21 今，共同プロジェクトがあり，合計 n 社の企業体 (N = {1, . . . , n})がこのプロジェクトに参加可
能である．それぞれの企業体 i ∈ N は，このプロジェクトに li 人までのスタッフの投入が可能である

(Li = {0, 1, . . . , li})．また，このプロジェクトにおける利得は，各社の投入人数 ((a1, . . . , an) ∈ L1×· · ·×Ln)
によって決まり，利得関数 vによって (v(a1, . . . , an)) と表される.

これら２つのゲームはいずれも分配束上のゲームとして一般化される．

定義 22 (∨既約元) (L,≤,∨,∧,�,⊥)を束とする．ただし，(L,≤)は空でない有限半順序集合，∨, ∧は上
限 (結び)，下限 (交わり)，�, ⊥は最大元，最小元をそれぞれ表すものとする．x ∈ Lが次の条件を満たす

とき，xを Lの ∨-既約元 (join- irreducible element)と呼ぶ:

1. x �= ⊥,
2. 任意の a, b ∈ Lに対して, x = a ∨ b ならば x = a または x = bである．

また，Lの ∨-既約元全体の集合を J (L)で表す．

6



定義 23 (分配束上のゲーム) (L,≤,∨,∧,�,⊥)を分配束とする．このとき，J (L)をプレイヤー全体の集
合とし，Lの要素 a ∈ Lを提携と呼ぶ．また，v(⊥) = 0なる関数 v : L → Rを L上の特性関数と呼び，

(L,≤,∨,∧,�,⊥, v)を分配束上のゲームと呼ぶ．一般化協力ゲームの時と同様に，単に v を分配束 L上の

ゲームと呼ぶこともある．

命題 24 Lが分配束であるとき，任意の a ∈ Lは，

a =
∨

b∈η(a)

b

と表される．ただし，

η(a) := {x ∈ J (L) | x ≤ a} (1)

とする．また，

a =
∨

b∈η∗(a)

b (2)

と表される最小な η∗(a) ⊆ η(a)が一意に存在する．このとき (2)を a ∈ Lの最小分解と呼ぶ．

また，ηは (L,≤,∨,∧,�,⊥)から (η(L),⊆,∪,∩,J (L), ∅)への束同型写像となる [13]．そして，この (J (L), η(L))
を束 Lより導かれる集合系と呼ぶ．

定義 25 (L,≤,∨,∧,�,⊥, v)を束上のゲームとする．このとき，束 Lより導かれる集合系 (J (L), η(L))上
のゲーム vη ∈ G(J (L), η(L))を以下のように定義する．

vη(S) := η ◦ v(S) := v(η−1(S)), S ∈ η(L). (3)

ただし，ηは (1)式によって与えられる束同型写像とする．

0,0,0
1,0,0

0,0,13,0,0
2,0,0

0,0,2

0,1,0

0,3,0
0,2,0

0,4,0

3,4,2

3,0,2

φ

123 φ

φ,123

φ,23

,23

φ,13

3,1

φ,12

3,2

2,13

3,12

図 3: Examples of games on lattices: elements indicated by black circles are join-irreducible.

2.4 提携形成におけるプレイヤーの順序に制約があるゲーム

ここでは，プレイヤーに提携形成に関するある順序制約がある場合のゲームを考える．ここでは，プレ

イヤーの集合N 上にある順序�が与えられている状況を考える．つまり，プレイヤーの集合を半順序集合
(poset) (N,�)として考える．　
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定義 26 N をプレイヤーの集合，(N,�)を半順序集合とする．このとき，(N,�)における提携とは，以下
の条件を満たすような N の部分集合 S ⊆ N である．

i ∈ S, j � i ⇒ j ∈ S.

これは，あるプレイヤー i ∈ N が提携に加わる際には，必ず j � iなるプレイヤーは iと行動を共にしなけ

ればならないことを意味している．ここで，(N,�)における提携全体の集合を C(N) とするとき，v(∅) = 0
なる関数 v : C(N) → Rを特性関数とする (N,�)上のゲーム (N,�, v)が定義できる．

例えば，図 4に示すような半順序集合 (a) (Na,�a), (b) (Nb,�b), (c) (Nc,�c)を考えた場合，それぞれ
の提携の集合は以下のようになる．

C(Na) = {∅, 1, 3, 13, 34, 123, 134, 1234}
C(Nb) = {∅, 1, 2, 3, 12, 13, 23, 123}

C(Nc) = {∅, 1, 12, 123}

図 4: 順序構造をもつプレイヤーの集合

3 組合せ構造上のゲームの解 –シャープレイ値の拡張–

Shapley [19]は以下のような協力ゲームにおける 1つの解概念 (協力ゲームにおける，各プレイヤーの平
均的価値)，いわゆるシャプレイ値を与えた．

定義 27 (シャプレイ値) 協力ゲーム v ∈ G(N, 2N )に関するシャプレイ値 Φ(v) = (Φ1(v), . . . , Φn(v)) ∈ Rn

は次のように定義される.

Φi(v) :=
∑
S⊆N
S�i

(s − 1)! (n − s)!
n!

(v(S) − v(S \ i)),

ただし, n = |N |, s = |S|とする．

3.1 コミュニケーションネットワークに基づく種々のゲームの解
定義 28 (マイヤーソン値 [2, 18]) 連絡状況 (N, v, L) におけるマイヤーソン値 Ψ(N, v, L) ∈ Rn は，連絡

網制限ゲーム vL を通して，

Ψ(N, v, L) = Φ(vL)

として定義される．また，安定集合系 U 上のゲーム (N, v,U)におけるマイヤーソン値 Ψ(N, v,U) ∈ Rnは，

Ψ(N, v,U) = Φ(vU )

として定義される．
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他のコミュニケーションネットワークに基づく種々のゲームに対するシャープレイ値の拡張は [8]にまと
めてあるので参照してください．（今回の資料に同梱しています．)

3.2 実現可能提携上に制限された種々のゲーム

ここでは，凸幾何集合系，マトロイド，正則集合系上のゲームに関するシャープレイ値の拡張概念を紹介

する．これらの解は，いずれも，それぞれの集合系における，ある種の線形性，効率性，対称性，ダミープ

レーヤーの独立性，および Faigleと Kern [6]によるプレイヤーの階層に関する公理によって特徴付けられ
ている．個々の公理系に関しては正則集合系の場合を除いて本稿では省略する．

定義 29 (凸幾何集合系上のゲームに関するシャープレイ値 [2]) Lを凸幾何集合系とする．このとき，(N, v,L)
に関するシャープレイ値 Φ(N, v,L) は以下のように定義される：

Φi(N, v,L) :=
∑
S∈L

ex(S)�i

c(S \ i) c([S, N ])
c(N)

(v(S) − v(S \ i)).

ただし，ex(S) := {i ∈ S | S \ i ∈ L}，c([S, T ])は Sから T ⊇ Sまでの極大鎖の数 (ただし，c([S, S]) := 1，
c(S) := c([∅, S])とする．

定義 30 (マトロイド上のゲームに関するシャープレイ値 [2]) Mをマトロイドとする．このとき，(N, v,M)
に関するシャープレイ値 Φ(N, v,M) は以下のように定義される：

Φi(N, v,M) :=
∑

S∈M
S�i

bS

bN

(rN − rS)! (rS − 1)!
r!

(v(S) − v(S \ i)).

ただし，rS := max{|T | : T ⊆ S, T ∈ M}，bS := |BS(M)|, BS(M) := {B ∈ B(M) | B ⊇ S},
B(M) := {B ∈ M | |B| = rN}とする．

定義 31 (正則集合系上のゲームに関するシャープレイ値 [13] ) Rを正則集合系とする. このとき，(N, v,R)
に関するシャープレイ値 Φ(N, v,R) は以下のように定義される：

Φi(N, v,R) :=
1

c(N)

∑
C∈M(N)

(v(C (i)) − v(C (i) \ i))

ただし，C (i) =
⋃

C∈C
C ��i

C ∪ {i}.

また，Rが凸幾何集合系である場合，定義 31は定義 29に一致する．

3.2.1 正則集合系上のゲームに関するシャープレイ値の公理論的特徴付け

本節では，正則集合系上のゲームに関するシャープレイ値Φ = (Φ1, . . . , Φn)として満たすべき諸性質 (つ
まり，公理系) について議論する．
公理 1 (効率性) 集合系RがN の鎖であるとき，任意の v ∈ G(N,R)に対して，以下が成り立つ：

n∑
i=1

Φi(N, v,R) = v(N)
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公理 2 (ナルプレイヤーのゼロ評価) 集合系 Rが N の鎖であるとき, 任意の v ∈ G(N,R) に対して, プレ
イヤー i ∈ N が v に関するナルプレイヤー (i.e., S ∈ R, S ∪ {i} ∈ R ⇒ v(S ∪ {i}) = v(S) ) のとき，以下
が成り立つ：

Φi(N,R, v) = 0

公理 3 (対称性) σ を N 上の置換とする．集合系Rが N の鎖であるとき, 任意の v ∈ G(N,R) に対して，

Φi(N,R, v) = Φσ(i)(N, σ(R), σ ◦ v)

ただし, σ(R) := {σ(S) | S ∈ R}, σ ◦ v(S) := v(σ−1(S)), S ∈ σ(R) とする．

公理 4 (加法性) 集合系RがN の鎖であるとき, 任意の v1, v2 ∈ G(N,R)に対して，以下が成り立つ：

Φ(N,R, v1 + v2) = Φ(N,R, v1) + Φ(N,R, v2)

公理 5 (凸性) 集合系Rに対して，{M(R1),M(R2), . . . ,M(Rm)}がM(R)の分割となるような集合系
列 R1,R2, . . . ,Rm ⊆ Rが存在するとき，∑m

k=1 αk = 1なる α1, α2, . . . , αm ∈ [0, 1] が存在して, 任意の
v ∈ G(N,R)に対して，以下が成り立つ：

Φ(N,R, v) =
m∑

k=1

αkΦ(N,Rk, v|Rk
)

ただし, v|Rk
は v のRk への制限とする．

公理 5は，Φのサブドメインへの分解可能性に関する要請と条件付けを与えている．例えば, Rの任意の
極大鎖 C = {∅ = C0, C1, . . . , Cm = N} は，それ自身一つの集合系となっている (i.e., (N, C )は集合系)．
ここで，M(C )は要素に C のみを持つ 1点集合であるので，明らかに，

M(R) =
⋃

C∈M(R)

M(C )

であり，Ci, Cj ∈ M(R)に対して，

Ci �= Cj ⇒ M(Ci) ∩M(Cj) = ∅

が成り立つ．よって， {M(C )}C∈M(R) はM(R)の分割である．つまり，公理 5の必要条件として，

Φ(N, v,R) =
∑

C∈M(R)

αC Φ(N, C , v|C ),

∑
C∈M(R) αC = 1 が導かれる．

定理 32 [16, 17] Rを正則集合系とする．このとき，公理 1, 2, 3, 4, 5を満たす解概念 Φ : G(N,R) → Rn

がただ 1つ存在し Φ = Ψで与えられる. 1

1[15] では，これとは異なる特徴付けが与えられている．

10



3.3 正則集合上のゲームに関するシャープレイ値の束上のゲームへの適用

この節では正則集合上のゲームに関するシャープレイ値の束上のゲームへ適用することを考える．

分配束 L = (L,≤,∨,∧,�,⊥)は，命題 24および定義 25 より，束同型写像 η(a) := {b ∈ L | b ≤ a}を通
して，

(η(L),⊆,∪,∩,J (L), ∅)
に対応付けられる．このとき，J (L)上の集合系 η(L)が正則であれば，L上のゲーム (N, v, L)を ηを通し

て正則集合 η(L)上で議論することができる．そして，その結果を η−1 によって引き戻してやれば良いこと

になる．

分配束上のゲームに関するシャープレイ値の提案：L := (L,≤,∨,∧,�,⊥)を分配束，v : L → R

を L上のゲームとする．また，便宜上，J (L) = {1, 2, . . . , l}とする．束 Lより導かれる集合系

(J (L), η(L))が正則であるとき，vの解 Ψη = (Ψη
1 , . . . , Ψη

l ) を以下のように定義する．

Ψη
i (v) := Ψi(vη), i = 1, 2, . . . , l. (4)

ただし，ηは (1)式によって与えられる束同型写像，η◦vは (3)式によって与えられる (J (L), η(L))
上のゲームとする．

例 33 束 L1 (図 5 (a))上のゲーム vを考える．このとき，L1 の ∨既約元全体の集合は J (L1) = {d, e, f}
となり，η(a) = {d, e, f}, η(b) = {d, e}, η(c) = {e, f}, η(d) = {d}, η(e) = {e}, η(f) = {f}, η(g) = ∅ とな
る．つまり，L1 = {d, e, f, b, c, a}に

η(L1) = {{d}, {e}, {f}, {d, e}, {e, f}, {d, e, f}}

が対応する．

図 5: (a) 分配束 L1と (b) 正則集合系 η(L1)

また，η(L1)の極大鎖と Lの極大鎖はそれぞれ以下のように対応する．

{∅, {d}, {d, e}, {d, e, f}} ↔ {g, d, b, a}
{∅, {e}, {d, e}, {d, e, f}} ↔ {g, e, b, a}
{∅, {e}, {e, f}, {d, e, f}} ↔ {g, e, c, a}
{∅, {f}, {e, f}, {d, e, f}} ↔ {g, f, c, a}
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例えば Ψη
d(v)は，Ψη(v) = Ψ(vη)より，

Ψη
d(v) =

1
4

[{vη({d}) − vη(∅)} + {vη({d, e}) − vη({e})}
+{vη({d, e, f}) − vη({e, f})} + {vη({d, e, f}) − vη({e, f})}]

=
1
4

[{v(d) − v(g)} + {v(b) − v(e)} + {v(a) − v(c)} + {v(a) − v(c)}]

=
1
4

[v(d) + v(b) − v(e)] +
1
2

[v(a) − v(c)]

となる.

協力ゲームの拡張概念として提案されている多選択肢ゲーム (multichoice game)や bi-cooperative game，
双容量 (bi-capacity) [21]や Faigleと Kernの半順序集合上のゲーム等は，図 3などからも分かるように分
配束上のゲームとして扱うことができる [10, 13]．

多選択肢ゲームに関する解概念も，分配束から導かれる集合系上のゲームを通して導入することができる．

まず，参加プロファイル全体の集合L = L1×, · · · ,×Ln, Li = {1, 2, . . . , li} の上に，次のよう
な自然な順序 ≤:

a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Lに対して

a ≤ b ⇔ ai ≤ bi ∀i ∈ N.

を導入すると，a, b ∈ L の上限，下限は

a ∨ b = (a1 ∨ b1, . . . , an ∨ bn)

a ∧ b = (a1 ∧ b1, . . . , an ∧ bn)

のように与えられ，(L,≤,∨,∧, l,0), l := (l1, . . . , ln) は分配束をなす．よって，多選択肢ゲーム
(N, v, L)は，束上のゲーム (L,≤,∨,∧, l,0, v) とみなせる．このとき，J (L)は，

J (L) = {(ai,0−i) | i ∈ N, ai ∈ Li}
と表される．ただし，b ∈ Lと ai ∈ Li に対して，

(ai, b−i) := (b1, . . . , bi−1, ai, bi+1, . . . , bn)

と表記する．また，明らかに L = L1×, · · · , Ln から導かれる集合系は正則 (i.e., (J (L), η(L))
は正則)であるので，(4)式を通して，多選択肢ゲームに１つの解概念を導くことができる．

多選択肢ゲームの解を考える際には若干の注意が必要である．束 L上のゲームでは，J (L)をプレイヤー
の集合とみなして議論している．ここで，多選択肢ゲームを束上のゲームとして見た場合，J (L)の要素は
(ai,0−i)なる形式で表わされる．つまり，この束上のゲームでのプレイヤーは，実際のプレイヤー i ∈ N と

そのプレイヤーの参加レベル ai との組となっている．そのため，束上でのゲームの解 Ψη

(ai,0−i)
(v)は，プ

レイヤー i ∈ N の参加レベルが ai であった場合の平均的価値を表わしていることになる．

例 34 プレイヤー 1，プレイヤー 2が参加レベルの集合 L1 = {0, 1, 2}, L2 = {0, 1, 2, 3}を持つような
2-プレイヤー多選択肢ゲームを考える. このとき，L = L1 × L2 には，図 6のような自然な束構造が入り，
分配束上のゲームとみなすことができる．また，J (L) = {(1, 0), (2, 0), (0, 1), (0, 2), (0, 3)}となり，束 Lよ

り導かれる集合系 (J (L), η(L)) (図 6)は明らかに正則である．よって，(4)式を用いることにより，この多
選択肢ゲームに対して解を与えることができる．
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図 6: (a) 分配束 Lと (b) 正則集合系 η(L)
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Representations of Importance and Interaction
of fuzzy measures, capacities, games and its
extensions: A survey∗

Katsushige FUJIMOTO

Abstract This paper gives a survey of the theory and results on representation of
importance and interaction of fuzzy measures, capacities, games and its extensions:
games on convex geometries, bi-capacities, bi-cooperative games, and multi-choice
games, etc. All these games are regarded as games on products of distributive lattices
or on regular set systems.

1 Introduction

The measure is one of the most important concepts in mathematics and so is the
integral with respect to the measure. They have many applications in economics,
engineering, and many other fields, and their main characteristics is additivity. This
is very effective and convenient, but often too inflexible or too rigid. As an solution
to the rigidness problem the fuzzy measure has been proposed [28]. It is an exten-
sion of the measure in the sense that the additivity of the measure is replaced with
weaker condition, the monotonicity. The non-additivity is the main characteristic of
the fuzzy measure, and can represent interaction phenomena among elements to be
measured.

Definition 1 (fuzzy measures). Let N be a non-empty finite set. A fuzzy mea-
sure, also called a capacity, on N is a function v : 2N → R such that v( /0) = 0, and
v(A) ≤ v(B) whenever A ⊆ B ⊆ N. A fuzzy measure is normalized if v(N) = 1. A
transferable utility game in characteristic form [5], or simplicity game, is a function
v : 2N → R such that v( /0) = 0.
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2 Katsushige FUJIMOTO

Given a subset S ⊆ N, the precise meaning of the quantity v(S) depends on the
kind of intended application or domain [10]:

• N is the set of states of nature. Then S ⊆ N is an event in decision under uncertainty or
under risk, and v(S) represents the degree of certainty, belief, etc.

• N is a the set of criteria, or attributes. Then S ⊆ N is a group of criteria (or attributes)
in multi-criteria (or multi-attributes) decision making, and v(S) represents the degree of
importance of S for making decision.

• N is the set of voters, political parties. Then S ⊆ N is called a coalition in voting
situations, and v(S) = 1 iff bill passes when coalition S votes in favor of the bill, and
v(S) = 0 else.

• N is the set of players, agents, companies, etc. Then S ⊆ N is also called a coalition in
cooperative game theory, and v(S) is the worth (or payoff, or income, etc.) won by S if
all members in S agree to cooperate, and the other ones do not.

As mentioned above, fuzzy measures (or capacities) are a special type of games
(i.e., monotone games). Throughout this paper, we will use the term “games” on
behalf of fuzzy measures, capacities, and games unless monotonicity is essential
in situations to be considered, and “players” on behalf of events, voters, criteria,
attributes, etc.

1.1 Intuitive representations of importance and interaction [8]

In order to intuitively approach the concept of importance of player and of interac-
tion among players, consider two players i, j ∈ N. Clearly, v(i) is one of representa-
tions of importance of player i ∈ N. An inequality

v({i, j}) > v({i})+ v({ j}) (resp. <)

seems to model a positive (resp. negative) interaction or complementary (resp. sub-
stitutive) effect between i and j. However, as discussed in Grabisch and Roubens
[13], the intuitive concept of interaction requires a more elaborate definition. We
should not only compare v({i}), v({ j}), and v({i, j}) but also see what happens
when i, j, and {i, j} join coalitions. That is, we should take into account all coali-
tions of the form T ∪{i}, T ∪{ j}, and T ∪{i, j}. For a play i and a coalition T �	 i,

Δ{i}v(T ) := v(T ∪{i})− v(T) (1)

seems to represent an index of importance of i in T ∪{i}. The equation (1) is called
the marginal contribution of a player i to a coalition T in cooperative game theory.
Then it seems natural to consider that if for T not containing i and j

Δ{i}v(T ∪{ j}) > Δ{i}v(T ) (resp. <)

then i and j interact positively (resp. negatively) in the presence of T since the
presence of player j increases (resp. decreases) the marginal contribution of i to
coalition T . Then
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Δ{i, j}v(T ) := Δ{i}v(T ∪{ j})−Δ{i}v(T ) (2)

is called the marginal interaction [12] between i and j in the presence of T . Note
that

Δ{i}v(T ∪{ j})−Δ{i}v(T ) = Δ{ j}v(T ∪{i})−Δ{ j}v(T ).

For three players i, j,k ∈ N and a coalition T not containing i, j and k, Δ {i, j,k}v(T )
can be naturally defined as

Δ{i, j,k}v(T ) := Δ{i, j}v(T ∪{k})−Δ{i, j}v(T ).

Then we have Δ{i, j}v(T ∪ {k}) − Δ{i, j}v(T ) = Δ{i,k}v(T ∪ { j}) − Δ{i,k}v(T ) =
Δ{ j,k}v(T ∪{i})−Δ{ j,k}v(T ). Moreover, for two distinct coalitions S and T ⊆ N \S,

ΔSv(T ) := ΔS\{i}v(T ∪{i})−ΔS\{i}v(T ) (3)

for i∈ S. Similarly, when, for example, Δ Sv(T ) > 0 (resp. <), we shall consider that
players among S interact positively (resp. negatively) in the presence of T.

1.2 Generalizations of domains of games [10]

In ordinary cooperative game theory, and decision problems described through the
use of fuzzy measures and/or capacities, it is implicitly assumed that all subsets S
of N can be formed; however, this is generally not the case. Let us elaborate on this,
and distinguish several cases.

• Some subsets of N may be not meaningful. When N is the set of political parties, it
means that some coalitions of parties are unlikely to occur, or even impossible (coalition
mixing left and right parties). When N is the set of players, for players in order to
coordinate their actions, they must be able to communicate [27].

• Subsets of N may be not “black and white”, which means that the membership of an
element to N may be not simply resume to a matter of member or nonmember. This is
the case with multi-criteria decision making when underlying scales are bipolar, which
is a demarcation between values considered as “good”, and as “bad”, the central value
being neutral [11]. In voting situation, it is convenient to consider that players may also
abstain, hence each voter has three possibilities [7]. When N is the set of players, one
may consider that each player can play at different level of participation [16].

2 Fuzzy measures, capacities, games and its extensions

Definition 2 (lattices). Let L be a non empty set and ≤ a partial order on L (i.e.,
(L,≤) is a poset). (L,≤) is said to be a lattice if for x,y ∈ L, the supremum x∨y and
the infimum x∧ y always exist. � and ⊥ are the greatest and least elements of L, if
they exists. An element j ∈ L is join-irreducible if it is not ⊥ and cannot be express
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as a supremum of other elements (i.e., there are no i,k < j such that j = i∨ k). The
set of all join-irreducible elements of L is denoted by J(L).

Proposition 1. [3] Let L be a distributive lattice. Any element x ∈ L can be written
as an irredundant supremum of join-irreducible elements in a unique way. That is,
for any x ∈ L there uniquely exists { j1, . . . , jm} ⊆ J(L) such that

x =
m∨

i=1

ji (4)

and that if there exists M ⊆ J(L) such that x =
∨

j∈M j, then { j1, . . . , jm} ⊆ M. The
equation (4) is called minimal decomposition of x and the { j 1, . . . , jm} is denoted by
η∗(x). For any x, we denote by η(x) := { j ∈ J(L) | j ≤ x}, then x =

∨
j∈η(x) j. For

example, in Fig. 1 (b), η(23,1) = {( /0,13),(2,13),( /0,12),(3,12)} and η ∗(23,1) =
{(2,13),(3,12)}.

Definition 3 (fuzzy measures and games on lattices). A game on a lattice L is a
function v : L → R such that v(⊥) = 0. A fuzzy measure, also called a capacity, on
a lattice L is a function ν : L → R such that ν(⊥) = 0, and ν(A) ≤ ν(B) whenever
A ≤ B ≤�. A fuzzy measure on a lattice is normalized if ν(�) = 1.

2N can be coincided with the Boolean lattice B(|N|). Therefore, ordinary fuzzy
measures and games on N are regarded as fuzzy measures and games on lattices.

2.1 Examples of generalizations of games [10]

Definition 4 (games on convex geometries [2]). Let N be a set of players. A col-
lection C of subsets of N is a convex geometry if (i) it contains the empty set, (ii) is
closed under intersection, and S ∈ C , S �= N implies that it exists j ∈ N \S such that
S∪{ j} ∈ C . A game on a convex geometry C is a function v : C → R such that
v( /0) = 0. Similar approaches on other restricted domains, games on union stable
systems and on matroids, also have been studied by Bilbao [2].

Definition 5 (bi-cooperative games and bi-capacities [11]). Let Q(N) := {(S1,S2) |
S1,S2 ⊆ N, S1 ∩S2 = /0}. A bi-cooperative game on N is a function ν : Q(N) → R

such that ν( /0, /0) = 0 and a bi-capacity on N is a bi-cooperative game on N such
that ν(A, ·) ≤ ν(B, ·) and ν(·,A) ≥ ν(·,B) whenever A ⊆ B ⊆ N. A bi-capacity is
normalized if ν(N, /0) = 1 and ν( /0,N) = −1.

Definition 6 (multi-choice games[16]). Let N be a set of players. Each player i∈N
has a finite number of feasible participation levels whose set we denote by Mi =
{0,1, . . . ,mi} and M = ∏i∈N Mi. Each element s = (s1,s2, . . . ,sn) ∈ M specifies a
participation profile for players and is referred to as a multi-choice coalition. So, a
multi-choice coalition indicates the participation level of each player. A multi-choice
game is a function v : M → R such that v(0) = 0, where 0 = (0,0, . . . ,0) ∈ M.
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Definition 7 (games on product lattices[18]). Let L := L1 × ·· ·×Ln be a product
of distributive lattices (i.e., L is also a distributive lattice with product order), where
L1, . . . ,Ln are finite distributive lattices. A game on a product lattice L is a function
v : L → R such that v(⊥) = 0, where ⊥ = (⊥1, . . . ,⊥n).

Here, we consider some examples of games on L. If Li := {⊥,�} for all players
i ∈ N, then we get ordinary games on 2N . If Li := {⊥,x,�}, ⊥ < x < � (e.g.,
{−1,0,1}) ∀i∈N, then we have bi-cooperative games. If Li := {0,1, . . . ,mi} ∀i∈N,
we obtain multi-choice games.

0,0,0
1,0,0

0,0,13,0,0
2,0,0

0,0,2

0,1,0

0,3,0
0,2,0

0,4,0

3,4,2

3,0,2

φ

123 φ

φ,123

φ,23

,23

φ,13

3,1

φ,12

3,2

2,13

3,12

Fig. 1 Examples of games on lattices: elements indicated by black circles are join-irreducible.

3 The Möbius transforms and Derivatives

Definition 8 (the Möbius transform [24]). The Möbius transform of a game v : 2N

→ R is a game on N denoted by Δ v : 2N → R and is defined by

Δ v(S) := ∑
T⊆S

(−1)|S\T |v(T ) for each S ∈ 2N .

Equivalently, we have that

v(S) = ∑
T⊆S

Δ v(T ) ∀S ∈ 2N .

Thus, the worth v(S) of a coalition S is equal to the sum of the Möbius transforms
of all its subcoalitions. This gives a recursive definition of the Möbius transform.
The Möbius transform of every singleton is equal to its worth, while recursively,
the Möbius transform of every coalition of at least two players is equal to its worth
minus the sum of the Möbius transforms of all its proper subcoalitions. In this sense,
the Möbius transform of a coalition S can be interpreted as the extra contribution of
the cooperation among the players in S that they did not already achieve by smaller
coalitions. The Möbius transform is also called the Harsanyi dividends [14].

Definition 9 (the Möbius transforms on posets). Let P := (P,≤) be a poset. For
a function f : P → R, the Möbius transform Δ f of f is the unique solution of the
equation:
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f (x) = ∑
y≤x

Δ f (y) ∀x ∈ P,

given by
Δ f (x) = ∑

y≤x
μ(y,x) f (y), x ∈ P,

where μ is the so-called Möbius function on P and given by

μ(y,x) =

⎧⎪⎨
⎪⎩

1 if x = y,

−∑y≤z≤x μ(y,z) if y < x,

0 otherwise.

As noted in section 2.1, any bi-cooperative game on N is regarded as a game on
a lattice (i.e., a poset). Therefore, the Möbius transform of a bi-cooperative game is
obtained as follows:

Definition 10 (the Möbius transforms of bi-cooperative games). The Möbius
transform of a bi-cooperative game ν : Q(N) → R is defined by

Δ ν (A1,A2) := ∑
(B1 , B2)�(A1, A2)

B2∩A1= /0

(−1)|A1\B1|+|B2\A2|ν(B1,B2) for each (A1,A2)∈Q(N),

where (B1,B2) � (A1,A2) means that B1 ⊆ A1 and A2 ⊆ B2. Equivalently, we have
that

ν(A1,A2) = ∑
(B1,B2)�(A1,A2)

Δ ν(B1,B2).

Definition 11 (derivatives). The first order derivative of v : 2N → R w.r.t. i ∈ N at
S ⊆ N \ {i} is given by

Δ{i}v(S) := v(S∪{i})− v(S).

It is also called the marginal contribution of i to S∪{i} in cooperative game theory.
The derivative of v w.r.t. T ⊆ N at S ⊆ N \T is iteratively defined by

ΔT v(S) := Δ{i}[ΔT\{i}v(S)] i ∈ T

with convention Δ /0v(S) = v(S). It is the marginal interaction, discussed in section
1.1, among players in S in the presence of T . The explicit formula is:

ΔT v(S) = ∑
U⊆T

(−1)|T\U|v(S∪U).

Equivalently, we have that

ΔT v(S) = ∑
U⊆S

Δ v(T ∪U).

In particular, the Möbius transform Δ v(T ) can be represented as follows:

Δ v(T ) = ΔT v( /0) ∀T ⊆ N.
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Definition 12 (k-monotonicity of games (capacities)). Let k ≥ 2 be an integer. A
game v on N is said to be k-monotone (see e.g., [4, §2]) if, for any k coalitions
A1,A2, . . . ,Ak ⊆ N, we have

v
( k⋃

i=1

Ai

)
≥ ∑

J⊆{1,...,k}
J �=∅

(−1) j+1v
(⋂

i∈J

Ai

)
. (5)

It is easy to verify [4, §2] that k-monotonicity, with any k≥ 2, implies l-monotonicity
for all l ∈ {2, . . . ,k}. By extension, 1-monotonicity (which does not correspond to
k = 1 in Eq. (5)) is defined as standard monotonicity, i.e.,

v(S) ≤ v(T ) whenever S ⊆ T.

The notion of derivatives and of k-monotonicity are closely linked to each other.

Proposition 2. [8] Let k ≥ 1. A game v is k-monotone if and only if, for all S ⊆ N
such that 1 ≤ |S| ≤ k and all T ⊆ N \ S, we have ΔSv(T ) ≥ 0.

Definition 13 (derivatives on distributive lattices). Let L be a distributive lattice.
The first order derivative of f : L → R w.r.t. i ∈ J(L) at x ∈ L is given by

Δi f (x) := f (x∨ i)− f (x).

The derivative of f w.r.t. y ∈ L at x ∈ L is iteratively defined by

Δy f (x) := Δ j1 [Δ j2 [· · ·Δ jm−1 [Δ jm f (x)] · · · ]] ∀x ∈ L,

where η∗(y) = { j1, j2, . . . , jm}. Note that if jk ≤ x for some k, the derivative is null.
Also, Δy f (x) does not depend on the order of the j k’s. The explicit formula is:

Δy f (x) = ∑
S⊆{1,...,m}

(−1)m−|S| f (x∨
∨
k∈S

jk)

Equivalently,
Δy f (x) = ∑

y≤z≤x∨y
Δ f (z).

In particular,
Δy f (⊥) = Δ f (y) ∀y ∈ L.

Similarly, the derivative of a bi-cooperative game is obtained as follows.

Definition 14 (derivatives of bi-cooperative games). The first order derivative of
bi-cooperative game ν : Q →R w.r.t. ({i}, /0) at (S1,S2)∈Q(N \{i}) (resp. ( /0,{i})
at (S1,S2) ∈ Q(N),S2 	 i ) is given by

Δ({i}, /0)(S1,S2) := ν(S1 ∪{i},S2)− v(S1,S2)

(resp. Δ( /0,{i})(S1,S2) := ν(S1,S2 \ {i})− v(S1,S2) )

The derivative of ν w.r.t. (S1,S2) at (T1,T2) ∈ Q(N \ S1), T2 ⊇ S2 is defined by
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Δ(S1,S2)ν(T1,T2) := ∑
L1⊆S1
L2⊆S2

(−1)|S1\L1|+|S2\L2|ν(T1 ∪L1,T2 \L2).

4 Importance and interaction indices

The study of the notion of importance of each player has been one of the most im-
portant topics in cooperative game theory and been studied as values, or allocation
rules, or power indices in a game [1, 6, 14, 26, 29].

Definition 15 (the Shapley value). The Shapley value φ v(i) w.r.t. any player i ∈ N
in a game v is defined by

φ v(i) := ∑
T⊆N\{i}

(|N|− |T |−1)! |T |!
|N|! Δ{i}v(T ).

Equivalently, we have that

φ v(i) = ∑
T	i

1
|T |Δ

v(T ).

On the other hand, the study of the notion of interaction among players is rela-
tively recent in the framework of cooperative game theory. The first attempt is due
to Owen [23, §5] for superadditive games. More recent developments are due to
Murofushi and Soneda [21], Roubens [25], Marichal and Roubens [20], and Fuji-
moto et.al. [8] and led successively to the concepts of interaction index. The concept
of interaction index, which can be seen as an extension of the notion of value, is fun-
damental for it enables to measure the interaction phenomena modelled by a game
on a set of players.

4.1 Interaction indices for ordinary games

Grabisch and Roubens have proposed an axiomatic characterization of the interac-
tion index I(v,S) [13, §3] as the unique index satisfying the following axioms 2:

• Linearity axiom (L) : I is a linear function with respect to its first argument.
• Dummy player axiom (D) : If i ∈ N is a dummy player in a game v (i.e., v(S∪

{i}) = v(S) ∀S ⊆ N), then
(i) I(v,{i}) = v({i}),
(ii) I(v,S∪{i}) = 0 ∀S ⊆ N \ i, S �= ∅.

• Symmetry axiom (S) : For any permutation π on N, and any v,
I(v,S) = I(πv,π(S)) ∀S ⊆ N,S �= ∅.

2 Lately, Fujimoto et.al. [8] have provided more intuitive axioms.
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• Recursive axiom (R) : For all finite N, |N| ≥ 2, for all v on N,

I(v,S) = I(vN\{ j}
∪ j , S\ { j})− I(vN\{ j}, S\ { j}), ∀S ⊆ N, |S| ≥ 2,∀ j ∈ S,

where vN\{ j} is the restriction of v to N \{ j} and vN\{ j}
∪ j (S) := v(S∪{ j})−v({ j})

∀S ⊆ N \ { j}.
• Efficiency (E) : ∑i∈N I(v,{i}) = v(N).

Definition 16 (interaction indices). The interaction index w.r.t. S ⊆ N of v is de-
fined by

I(v,S) := ∑
T⊆N\S

(|N|− |T |− |S|)! |T |!
(|N|− |S|+1)!

ΔSv(T ). (6)

Equivalently,
I(v,S) = ∑

T⊇S

1
|T |− |S|+1

Δ v(T ).

This index is an extension of the Shapley value in the sense that I(v,{i}) coincides
with the Shapley value φ v(i) of any player i.

4.2 Interaction indices for games on product lattices

From now on, we discuss on a specific type of game on lattice, where the lattice is
a product of distributive lattices. Let N := {1, . . . ,n} and L := L1 ×·· ·×Ln, where
L1, . . . ,Ln are finite distributive lattices. Then, L is also a distributive lattice and all
join-irreducible elements of L are of the form (⊥ 1, . . . ,⊥i−1, ji,⊥i+1, . . . ,⊥n) for
some i∈N and some ji ∈ J(Li). A vertex of L is any element whose components are
either top or bottom. Vertices of L will be denoted by �Y , Y ⊆N, whose coordinates
are �k if k ∈ Y , ⊥k otherwise. Each lattice Li represents the poset of action, choice,
participation level of player i ∈ N to the game.

Definition 17 (antecessors). The antecessor x of x ∈ L is defined as

x =
∨
{ j ∈ η(x) | j �∈ η∗(x)}

with convention ⊥ = ⊥.

Definition 18 (interaction indices on product lattices[18]). Let f be a game on a
product lattice L, x ∈ L, and X := {i ∈ N | xi �= ⊥i}. The interaction index w.r.t. x
of f is defined by

I f (x) := ∑
Y⊆N\X

α |X|
|Y | Δx f (x

¯
∨�Y ), (7)

where α j
k :=

k!(n− j− k)!
(n− j +1)!

, for all j = 0, . . . ,n and k = 0, . . . ,n− j. Equivalently,

I f (x) := ∑
z∈[x,x⊥]

1
k(z)− k(x)+1

Δ f (z), (8)

where x⊥ := �i if xi = ⊥i and x⊥ := xi if xi �= ⊥i, and k(y) = |{i ∈ N | yi �= ⊥i}|.
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Each interaction index of ordinary games, bi-cooperative games, and multi-
choice games is obtained as a special case of this interaction index.

Definition 19 (interaction indices of bi-cooperative games). The interaction index
Iν(S1,S2) w.r.t. (S1,S2) ∈ Q(N) of a bi-cooperative game ν is defined by

Iν(S1,S2) := ∑
T⊆N\(S1∪S2)

(|N|− |S1∪S2|− |T |)! |T |!
(|N|− |S1 ∪S2|+1)!

Δ(S1,S2)(T,N \ (T ∪S1)).

5 Concluding remarks

This paper gave a survey of representations of importance and interaction of fuzzy
measures and adjacent fields. However, this survey shows only indices based on
the Shapley values on products of distributive lattices. Some indices based on other
values and the Shapley values on non-distributive lattices can be seen in [8, 9].

6 Appendix

6.1 Another interaction index of bi-cooperative games

A probabilistic interpretation of the Shapley value in the framework of aggregation
by the Choquet integral Cv w.r.t. v is due to Marichal [19]. Given a vector x ∈ R |N|
and a ∈ R, we denote by (x | xi = a) the vector of R|N| that differ from x only in its
i-th component which is equal to a. Furthermore, let

δiCv(x) := Cv(x | xi = 1)−Cv(x | xi = 0).

Marichal [19] then showed that
∫

[0,1]|N|
δiCv(x) dx = φ v(i). (9)

Kojadinovic [17] has proposed another interaction index of a bi-cooperative
game as a generalization of the equation (9) through the Choquet integral w.r.t.
bi-capacities and the recursive axiom (R).

Definition 20 (Kojadinovic’s interaction indices of bi-cooperative games). Ko-
jadinovic’s interaction index I ν (S1,S2) w.r.t. (S1,S2) ∈ Q(N) of a bi-cooperative
game ν on N is defined by

I ν(S1,S2) := ∑
(T1,T2)∈Q(N\(S1∪S2))

1

2|T |
(|N|− |S|− |T |+1)! |T |!

(|N|− |S|+1)!
Δ(S1,S2)(T1,T2∪S2),

where T := T1 ∪T2 and S := S1 ∪S2.
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6.2 Importance indices of games on regular set systems

Honda and Fujimoto [15] have proposed another importance index of a game on a
regular set system as a generalization of importance indices of all ordinary games,
games on convex geometries, bi-cooperative games, and multi-choice games.

Definition 21 (regular set systems). Let N ⊆ 2N and A,B ∈ N. We say that A is
covered by B if A � B and that there is no C ∈ N such that A � C � B. Then we
denote A≺ B. We say that N is a regular set system if the following conditions hold:

(i) /0, N ∈ N,
(ii) A,B ∈ N, A ≺ B =⇒ |B\A|= 1.

Definition 22 (games on regular set systems). A game on a regular set system N
is a function v : N → R such that v( /0) = 0.

Definition 23 (maximal chains of regular set systems). Let N ⊆ 2N be a regular
set system. If C = (C0, . . . ,Cn) satisfies that {Ci}i∈{0,...,n} ⊆ N and /0 = C0 ≺C1 ≺
·· · ≺Cn = N, then C is called a maximal chain of N. The set of all maximal chains
of N is denoted by M(N).

Definition 24 (importance indices on regular set systems). The importance index
Ψ v(i) w.r.t. i ∈ N of a game v on a regular set system N is defined by

Ψ v(i) :=
1

|M(N)| ∑
C∈M(N)

[v(CC
i∗ ∪{i})− v(CC

i∗ )], (10)

where CC
i∗ is the component Ck of C such that i �∈Ck and i ∈Ck+1.

Let (L,≤,∨,∧,�,⊥) be a distributive lattice. Then (L,≤,∨,∧,�,⊥) ∼= (η(L),⊆
,∪,∩,J(L), /0) with lattice-isomorphism η [3].

Definition 25 (set systems induced by lattices). Let (L,≤) be a distributive lattice.
Then (J(L),η(L)) is called the set system induced by (L,≤).

As discussed in section 2.1, all ordinary games, bi-cooperative games, and multi-
choice games are regarded as games on lattices. All the set systems induced by
these lattices become regular. Therefore, we have another importance index of these
games via lattice-isomorphism η :

I f ({i}) := Ψ f η−1
(η(i)) ∀i ∈ J(L).
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Abstract— This paper provides a new value (solution concept or
allocation rule) of cooperative games via posets induced by graphs.
Several values in a graph-restricted communication situation have
been proposed or introduced by Myerson, Borm, and Hamiache...
However, these values have been subjected to some criticisms in cer-
tain types of games. The value proposed in this paper withstands
these criticisms. Moreover, these existing values have been defined
only in situations represented by undirected graphs, while the notion
of the value proposed in this paper can be extended to situations rep-
resented by directed graphs.

Keywords— graph-restricted situations, communication situa-
tions, values, posets, cooperative games.

1 Introduction and Preliminaries

Throughout the paper, N denotes the universal set of n ele-
ments. For convenience, we often number the elements such
that the universal set is N = {1, 2, . . . , n}. A real-valued func-
tion v : 2N → R with v(∅) = 0 is called a game. A monotone
game (i.e., v(A) ≤ v(B) whenever A ⊆ B ⊆ N) is called a ca-
pacity or a fuzzy measure. We often call the pair (N, v), rather
than v, a game or a capacity. The set of all games on N is de-
noted by GN . A real vector-valued function Φ : GN → R|N| is
called a value. In cooperative game theory, N is considered to
be the set of all players. For every subset S of N, often called a
coalition, v(S ) represents the (transferable) utility/profits that
players in S can obtain if they decide to cooperate. For every
game (N, v), the value Φ(N, v) represents an allocation rule,
which provides an assessment of the benefits for each player
from participating in a game v. For the sake of simplicity, we
mainly discuss games in terms of various set functions (e.g.,
games, capacities, fuzzy measures, and so forth.) on N.

To avoid cumbersome notations, we often omit braces for
singletons, e.g., by writing v(i), U \ i instead of v({i}), U \ {i}.
Similarly, for pairs, we write i j instead of {i, j}. Furthermore,
cardinalities of subsets S , T, . . . , are often denoted by the cor-
responding lower case letters s, t, . . . , otherwise by the stan-
dard notation |S |, |T |,...
1.1 Games and capacities with graph restricted situations

In ordinary cooperative game theory it is implicitly assumed
that all coalitions of N can be formed; however, this is gener-
ally not the case. For players to coordinate their actions, they
must be able to communicate. The bilateral communication
channels between players in N are described by a communica-
tion network. Such a network can be represented by an undi-
rected graph (N, L), which has the set of players as its nodes
S ⊆ N and in which the players are connected by the set of

links L ⊆ {i j | i, j ∈ N, i � j}; i.e., players i and j can commu-
nicate (directly) with each other if i j ∈ L. This paper will deals
with only situations induced by communication networks de-
scribed by undirected graphs. Many other approaches to the
situations can be seen via the literatures [1, 2].

Definition 1.1 (communication situation)
The triple (N, v, L), which reflects a situation consisting of a
game v on N and a communication network (N, L), is called
a communication situation. We denote the set consisting of
all communication situations on N by CS N . For a coalition
T ⊆ N, the restriction of (N, L) to T is denoted by (T, L(T ))
and defined by L(T ) := {i j ∈ L | i j ⊆ T }.
Definition 1.2 (feasible coalition) We say that players j and
k are connected in S ⊆ N if j = k or there exists a subset
{i1, · · · , im} ⊆ S such that j = i1, k = im, and {it, it+1} ∈ L
for all t ∈ {1, · · · ,m − 1}. Then we denote j ∼S k. Clearly,
this relation ∼S is an equivalence relation. Hence, the notion
of connectedness in S induces a partition S/L := S/ ∼S of S .
A coalition S ⊆ N is said to be feasible in the communica-
tion network (N, L) if any two players, j ∈ S and k ∈ S , are
connected in S (i.e., S/L = {S }).
Example 1.1
Consider the communication situation (N1, v, L1) with N1 =

{1, 2, 3, 4, 5, 6, 7} and L1 = {12, 15, 26, 37, 47, 56} (Fig.1).
Then, all the players in {1, 2, 6} can communicate with other;

Figure 1: Communication network(N, L1).

i.e., the coalition {1, 2, 6} is feasible. Hence, they can fully
coordinate their actions and obtain the value v({1, 2, 6}). On
the other hand, in the coalition {1, 2, 3, 4}, players 1 and 2
can communicate with each other, but players 3 and 4 can-
not communicate with any other players in {1, 2, 3, 4}. Thus,
feasible subcoalitions of {1, 2, 3, 4} are {1, 2}, {3}, and {4}
(i.e., forming the coalition {1, 2, 3, 4} is unfeasible). Hence,
the value attainable by the players in {1, 2, 3, 4} should be
v({1, 2})+v({3})+v({4}). In general, the value attainable by the
players in S ∈ N under a communication situation (N, v, L) is
represented by ∑

T∈S/L
v(T ). (1)



Definition 1.3 (network-restricted game [3]) The network-
restricted game (N, vL) associated with (N, v, L) is defined as

vL(S ) :=
∑

T∈S/L
v(T ) for each S ⊆ N. (2)

Note that if (N, L) is the complete graph (i.e., L = {i j | i, j ∈
N, i � j}), the network-restricted game vL is equal to the orig-
inal game v.

The network-restricted game evaluates the possible gains
from cooperation in a communication situation from the view-
point of the players. The next example focuses on the impor-
tance of communication channels and links in a communica-
tion situation.

Example 1.2 In the communication situation L1 depicted in
Fig.1, the value obtainable by the players in the grand coali-
tion N is

vL1 (N) = v({1, 2, 5, 6})+ v({3, 4, 7}), (3)

since N/L1 = {{1, 2, 5, 6}, {3, 4, 7}}. If for some reason
the communication link between players 4 and 7 is lost,
the communication network L1 becomes the new commu-
nication network L2 = {12, 15, 26, 37, 56}. Then, N/L2 =

{{1, 2, 5, 6}, {4}, {3, 7}} and the value obtainable by the players
in the grand coalition N becomes

vL2 (N) = v({1, 2, 5, 6})+ v({4}) + v({3, 7}). (4)

Then,

vL1 (N) − vL2 (N) (5)

can be interpreted as a type of marginal contribution of the
link {4, 7} ∈ L1 to the communication network L1.

Definition 1.4 (link game [4]) The link game (L, γv) associ-
ated with (N, v, L) consisting of a zero-normalized game v is a
game on L defined by

γv(M) := vM(N) =
∑

T∈N/M
v(T ) for each M ⊆ L. (6)

Note that, for an ordinary game v, γ v is not a game on L since
γv(∅) = ∑T∈N/∅ v(T ) =

∑
i∈N v({i}) � 0.

The link game γv(M) represents the worth of the communi-
cation network M ⊆ L as the worth of the grand coalition in
the communication situation (N, v,M) through the network-
restricted game vM.

Definition 1.5 (Möbius Transform [5]) The Möbius trans-
form of a game v : 2N → R (resp. γ : 2L → R) is a game
on N (resp. L) denoted by Δv : 2N → R (resp. Δγ : 2L → R)
and is defined by

Δv(S ) :=
∑

T⊆S

(−1)|S \T |v(T ) for each S ∈ 2N . (7)

(resp. Δγ(M) :=
∑

K⊆M

(−1)|M\K|γ(K) for each M ∈ 2L). (8)

Equivalently, we have that

v(S ) =
∑

T⊆S

Δv(T ) ∀S ∈ 2N . (9)

(resp. γ(M) =
∑

K⊆M

Δγ(K) ∀M ∈ 2L). (10)

Thus, the worth v(S ) (resp. γ(M)) of a coalition S (resp. com-
munication network M) is equal to the sum of the Möbius
transform of all its subcoalitions (subnetworks). This gives
a recursive definition of the Möbius transform. The Möbius
transform of every singleton is equal to its worth, while recur-
sively, the Möbius transform of every coalition (resp. com-
munication network) of at least two players (resp. links) is
equal to its worth minus the sum of the Möbius transform
of all its proper subcoalitions (resp. subnetworks). In this
sense, the Möbius transform of a coalition S (resp. commu-
nication network M) can be interpreted as the extra contribu-
tion of the cooperation/synergy among the players in S (resp.
links in M) that they did not already achieve by smaller coali-
tions (resp. networks). In fact, in the context of interaction
indices (e.g.,[6, 7]), the Möbius transform Δ v(S ) is called the
internal interaction index of S , which represents the magni-
tude of a type of interaction among the elements in S . The
Möbius transform is also occasionally called the Harsanyi
dividends[8].

Definition 1.6 (unanimity game) The unanimity game for a
non-empty coalition T ⊆ N is denoted by uT and defined by

uT (S ) =

⎧⎪⎪⎨⎪⎪⎩
1 if S ⊇ T ,

0 otherwise.
(11)

For any game v : 2N → R, v can be represented as

v(S ) =
∑

T (�∅)∈2N

Δv(T ) · uT (S ) ∀S (� ∅) ∈ 2N . (12)

2 Values for communication situations

In this section, we briefly introduce the Shapley value for ordi-
nary cooperative games and three existing values for commu-
nication situations that appear in the literatures [3, 4, 9], the
Myerson value, the position value, and the Hamiache value.

Definition 2.1 (the Shapley value [10]) The Shapley value
Φ : GN → R|N| for a game (N, v) ∈ GN is defined by

Φi(N, v) :=
∑

T
i

1
|T | Δ

v(T ) for each i ∈ N. (13)

Definition 2.2 (the Myerson value [3]) The Myerson value
Ψ : CS N → R|N| for a communication situation (N, v, L) ∈
CS N is defined by

Ψ(N, v, L) := Φ(N, vL). (14)

The Myerson value is the allocation rule that assigns to
every communication situation (N, v, L) the Shapley value of
the network-restricted game (N, vL). Note that Ψ(N, v, L) =
Φ(N, v) if (N, L) is the complete graph.

Definition 2.3 (position value [4]) The position value π :
CS N → R|N| for a communication situation (N, v, L) ∈ CS N is
defined by

πi(N, v, L) :=
1
2

∑

l∈L
l
i

Φl(L, γv) for each i ∈ N. (15)



The Shapley value Φl(L, γv) of a link l ∈ L, which is in-
duced via (13) for the link game (L, γ v), can be interpreted
as a type of expected marginal contribution of the link l to
all communication networks containing l. Then, the value is
divided equally between the two players at the ends of the con-
sidered link l ∈ L. The position value of a given player i ∈ N
is obtained as the sum of all these shares.

We focus to a third value for communication situations, in-
troduced by Hamiache [9]. Given a communication situation
(N, v, L) and S ⊆ N, we denote by S ∗ the set of all nodes of
the communication network (N, L) that are adjacent to at least
one of the nodes of S ,

S ∗ := {i ∈ N | ∃ j ∈ S such that i j ∈ L}. (16)

Definition 2.4 (associated game [9]) For a value φ on CS N

(i.e., φ : CS N → R|N|), the associated game v∗φ of v with
respect to φ is defined for S ⊆ N, by

v∗φ(S ) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(S )+∑

j∈S ∗\S

(
φi(S

+ j, v|S + j , L(S + j)) − v( j)
)

if |S/L| = 1,

∑

T∈S/L
v∗φ(T ) otherwise,

(17)
where S + j := S ∪ { j} and v|S + j is the restriction of v to S + j.

Hamiache [9] claims that there is a unique value φ, the so-
called Hamiache value, for communication situations satisfy-
ing the following five properties, component-efficiency, linear-
ity w.r.t. games, independence of irrelevant players, positivity,
and associated consistency:

Component-efficiency :
For any (N, v, L) and any S ∈ N/L,

∑

i∈S
φi(N, v, L) = v(S ). (18)

Linearity w.r.t. games :
For any α, β ∈ R and (N, v, L), (N,w, L) ∈ CS N ,

φ(N, αv + βw, L) = αφ(N, v, L) + βφ(N,w, L). (19)

Independence of irrelevant players :
For any (N, L) and for any two feasible coalitions R ⊆ T ,

φi(N, uR, L) = φi(T, uR, L(T )) ∀i ∈ T. (20)

Positivity :
For any feasible coalition T ⊆ N,

φi(T, uT , L(T )) ≥ 0 ∀i ∈ T. (21)

Associated consistency:
For any (N, v, L) ∈ CS N ,

φ(N, v, L) = φ(N, v∗φ, L). (22)

Note that φ(N, v, L) = Φ(N, v) if (N, L) is the complete graph.

3 Posets induced by communication networks

3.1 Communication networks and posets

In this subsection, we consider and introduce a subposet of
B(n) := (2N ,⊆) induced by a communication network (N, L).

For a communication network (N, L), the set of all fea-
sible coalitions in (N, L) is denoted by P(N, L). i.e.,

P(N, L) := {S ⊆ N | |S/L| = 1}. (23)

The set P(N, L), together with set inclusion ⊆ as an
order on P(N, L), is called the poset induced by the
communication network (N, L).

Example 3.1 Let N = {1, 2, 3}, La = {12, 13, 23}, Lb =

{13, 23}, and Lc = {12}. Then the posets induced by com-
munication networks (N, La), (N, Lb), and (N, Lc), as shown in
(a) – (c) in Fig. 2, are represented as shown in (a) – (c) in Fig.
3, respectively.

Figure 2: Communication networks on N = {1, 2, 3}.

Figure 3: Posets corresponding to networks in Fig. 2.

Definition 3.1 (Möbius transform on posets)
Let P := (N,≤) be a poset. For a function v : P → R, the
Möbius transform Δv of v is a function on P satisfying the
following equation:

v(x) =
∑

y≤x

Δv(y) ∀x ∈ P. (24)

Definition 3.2 (representation functions)
The representation function of a communication situation
(N, v, L) is a function vP on the poset P(N, L) defined by

vP(S ) = v(S ) for each S ∈ P(N, L). (25)

Then, the Möbius transform ΔvP
of vP is represented as

ΔvP
(S ) :=

∑

T∈P(N,L)
T⊆S

(−1)|S \T |vP(T ) ∀S ∈ P(N, L). (26)

Conversely,

vP(S ) :=
∑

T∈P(N,L)
T⊆S

ΔvP
(T ) ∀S ∈ P(N, L). (27)

Definition 3.3 (poset representation) The poset representa-
tion of a communication situation (N, v, L) is the pair
(P(N, L),ΔvP

) of the poset induced by (N, v, L) and the Möbius
transform ΔvP

of representation function vP of (N, v, L).



4 A new value in communication situations

In this section, we introduce a new value for communication
situations.

4.1 An interpretation of the Shapley value

Now, we consider the case N = {1, 2}; the Shapley value
Φ1(N, v) of player 1 in a game v is obtained, from (13), as

Φ1(N, v) =
1
1
Δv({1}) + 1

2
Δv({1, 2}). (28)

This can be interpreted as an allocation rule of Harsanyi divi-
dends (i.e., the Möbius transform) described as follows:

Allocation rule of Harsanyi dividends : We consider
a process to form the coalition {1, 2}. Then, there are
two shortest paths from ∅ to {1, 2} in Fig. 2. One is
the path ∅ → {1} → {1, 2}; another is the path ∅ →
{2} → {1, 2}. The path ∅ → {1} → {1, 2} can be inter-
preted as follows: Player 1 makes an offer to player
2 for forming the coalition {1, 2}. Player 2 accepts
the offer and adds to the coalition {1} to form the new
coalition {1, 2}. Among these two paths, the only path
that passes through {1} is ∅ → {1} → {1, 2}. That is,
the number of paths from ∅ to {1, 2} is 2, while of
the number of paths via {1} is 1. Then player 1 ob-
tains 1 path

2 paths of the amount of the Harsanyi dividend

Δv({1, 2}) (i.e., 1
2Δ

v({1, 2})). In the same way, player 1
obtains 1

1Δ
v({1}) and 0

1Δ
v({2}). The Shapley value of

player 1 is obtained as the sum of all these shares.

Figure 4: The Boolean lattice B(2) on N = {1, 2}.

This allocation rule can be extended to the case N = {1, 2, 3}
(Fig. 5).

Figure 5: The Boolean lattice on N = {1, 2, 3}.

Indeed,

Φ1(N, v) =
1
1
Δv({1}) + 1

2
Δv({1, 2}) + 1

2
Δv({1, 3})

+
0
2
Δv({2, 3}) + 2

6
Δv({1, 2, 3}). (29)

For instance, there are six shortest paths from ∅ to {1, 2, 3}.
Among them, two paths pass through {1}, as shown in Fig. 6.

Figure 6: Shortest paths from ∅ to {1, 2, 3}.

4.2 An interpretation of the Myerson value

The Myerson value of (N, v, L) is the Shapley value of the
network-restricted game (vL,N). That is, the Myerson value
is obtained by applying the above allocation rule to Harsanyi
dividends {ΔvL } of vL. Then ΔvL

is given as follows:

Proposition 4.1 Let (N, v, L) ∈ CS N be a communication sit-
uation and (B(n),ΔvL

) the poset representation of the network-
restricted game (N, vL) associated with (N, v, L). Then,

ΔvL
(S ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Δv(S ) if S ∈ P(N, L),

0 otherwise.

(30)

4.3 Criticisms of existing values

Each of the existing values for communication situations, the
Myerson value, the position value, and the Hamiache value,
has been subject to criticisms, as follows.

The Myerson value :

Ψi(N, uS , L) = Ψi(N, uS ,M) =
1
|S | ∀i ∈ N (31)

whenever S is a feasible coalition in both (N, L) and
(N,M). For example, consider the communication
situation with L = {i j ⊆ N | j ∈ N \ i} (i.e., L
is a star with a central player i); then every player
receives the same value (see Example Ψ(N, v, Le) in
Example 5.3).

The position value :

Irrelevant null players often have positive values
(see Example 5.2), where a null player i ∈ N of the
game (N, v) is a player satisfying v(S ∪ i) = v(S ) for
any S ⊆ N.

The Hamiache value :

It is very complex to compute the Hamiache value.
Not only that, associated consistency is rather tech-
nical.



4.4 A new value in communication situations

In this section, we propose a new value for communication
situations that withstands all these criticisms.

Definition 4.1 (chain, saturated chain) A chain (or a totally
ordered set or linear ordered set) is a poset in which any two
elements are comparative. That is, a subset C of P(N, L) is
called a chain if S ⊆ T or T ⊆ S for any S , T ∈ C. The
chain C of P(N, L) is saturated (or unrefinable) if there does
not exist W ∈ P(N, L) \ C such that S � W � T for some
S , T ∈ C and that C ∪W is a chain.

Definition 4.2 (shortest path) For two feasible coalitions S ,
T ∈ P(N, L), a saturated chainP of P(N, L) is called a shortest
path from S to T if S , T ∈ P and S ⊆ W ⊆ T for any W ∈ P.
Then, we denote the set of all shortest paths from S to T by
{S → T }.

In the following, we propose a new value in communica-
tion situations, based on the interpretation of the Shapley value
mentioned in Subsection 4.1.

Definition 4.3 We now propose a new value σ(N, v, L) of a
communication situation (N, v, L), as follows.

σi(N, v, L) :=
∑

S∈P(N,L)

|{i→ S }|
|{∅ → S }| Δ

vP
(S ) for each i ∈ N.

(32)

The number |{∅ → S }| of all shortest paths from ∅ to S indi-
cates the number of all processes in which the feasible coali-
tion S is formed. Also, |{i → S }| indicates the number of all
processes in which the feasible coalition S is formed by the

initiator i ∈ N. Then, the player i ∈ N obtains
|{i→ S }|
|{∅ → S }| of

the amount of ΔvP
(S ) if ΔvP

(S ) is allocated in proportion to
the frequency with which the player i initiates the formation
of the feasible coalition S . The value proposed here of a given
player i ∈ N is obtained as the sum of all these shares.

Now we show an example that supports the naturalness of
the definition of this value.

Example 4.1 We consider the communication situation
(N, v, L) with N = {1, 2, 3}, L = {13, 23}, and ΔvP

(S ) ≥ 0 for
any S ∈ P(N, L). The valueσi(N, v, L) proposed here of player
i ∈ N is represented as the values of the ammeters Ai in the
electric circuit with current sources IS = Δ

vP
(S ), as shown in

Fig.7.

Figure 7: Electric circuit representing (N, v, L).

Property 1 The value σ proposed here satisfies component-
efficiency, linearity w.r.t. games, independence of irrelevant
players, and positivity.

Property 2 Let (N, uN , L∗c) be a communication situation with
L∗c = {c j | j ∈ N \ c}, c ∈ N. Then,

σi(N, uN , L
∗
c) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
2

if i = c,
1

2(n − 1)
otherwise.

(33)

That is, if the communication network (N, L) is a star-graph
with central player c ∈ N, in the unanimity game uN , the cen-
tral player obtains a half of the total amount of u N(N) = 1 and
the rest of the amount are shared out equally among the other
players (see Lb, Le in example 5.3).

However, we have not found any axiomatic characterization
of the value proposed in this paper yet.

5 Comparison of existing values

In this section, we compare the existing four values (the Shap-
ley, Myerson, position, and Hamiache values) and the value
proposed in this paper. Examples 5.1 and 5.2 not only com-
pare them but also illustrate the criticisms against the Shapley,
Myerson, and position values, respectively.

Example 5.1 Consider the communication situation (N, v, L)
with N = {1, 2, 3}, L = {13, 23} ((b) in Fig. 2), and

v(S ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if |S | ≤ 1

30 if |S | = 2

36 if S = N.

(34)

Then,
Φ(N, v) = (12, 12, 12), Ψ(N, v, L) = (7, 7, 22),

π(N, v, L) = (9, 9, 18), φ(N, v, L) = (9, 9, 18),

σ(N, v, L) = (9, 9, 18).

Example 5.2 Consider the communication situation (N, v, L)
with N = {1, 2, 3}, L = {12, 13, 23} (Ld in Fig. 8), and

v(S ) =

⎧⎪⎪⎨⎪⎪⎩
12 if S ⊇ {1, 2}
0 otherwise.

(35)

Then,
Φ(N, v) = (6, 6, 0), Ψ(N, v, L) = (6, 6, 0),

π(N, v, L) = (5, 5, 2), φ(N, v, L) = (6, 6, 0),

σ(N, v, L) = (6, 6, 0).

Example 5.3 Consider communication situations (N, uN , L)
with 2 ≤ |N | ≤ 4, |N/L| = 1 (i.e., (N, L) is connected).
Fig.8 shows all connected graphs (up to isomorphism) with
2 ≤ n ≤ 4 nodes. Then, for any such communication situa-
tions (N, uN , L),

Φi(N, uN , L) = Ψi(N, uN , L) =
1
|N | ∀i ∈ N. (36)

Table 1 shows comparisons of the remaining values (i.e., the
position value π, the Hamiache value φ, and the value σ pro-
posed in this paper), and illustrates that the value σ does not
always coincide with the Hamiache value φ.
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Figure 8: Graphs with at most four nodes.

Table 1: Comparison of existing values.

π φ σ

La ( 1
2 ,

1
2 ) ( 1

2 ,
1
2 ) ( 1

2 ,
1
2 )

Lb ( 1
4 ,

1
2 ,

1
4 ) ( 1

4 ,
1
2 ,

1
4 ) ( 1

4 ,
1
2 ,

1
4 )

Lc ( 1
6 ,

2
6 ,

2
6 ,

1
6 ) ( 1

8 ,
3
8 ,

3
8 ,

1
8 ) ( 1

8 ,
3
8 ,

3
8 ,

1
8 )

Ld ( 1
3 ,

1
3 ,

1
3 ) ( 1

3 ,
1
3 ,

1
3 ) ( 1

3 ,
1
3 ,

1
3 )

Le ( 1
6 ,

1
6 ,

1
6 ,

3
6 ) ( 1

6 ,
1
6 ,

1
6 ,

3
6 ) ( 1

6 ,
1
6 ,

1
6 ,

3
6 )

Lf ( 3
12 ,

2
12 ,

2
12 ,

5
12 ) (0.172, 0.190, 0.190, 0.448) ( 2

14 ,
3
14 ,

3
14 ,

6
14 )

Lg ( 1
4 ,

1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 )

Lh ( 1
4 ,

1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 ) ( 1

4 ,
1
4 ,

1
4 ,

1
4 )

Li ( 13
60 ,

17
60 ,

17
60 ,

13
60 ) ( 3

14 ,
4
14 ,

4
14 ,

3
14 ) ( 2

10 ,
3
10 ,

3
10 ,

2
10 )
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